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Abstract. By studying the weak closure of multidimensional off-diagonal 
self-joinings we provide a criterion for non-isomorphism of a flow with its in- 
verse, hence the non-reversibility of a flow. This is applied to special flows 
over rigid automorphisms. In particular, we apply the criterion to special 
flows over irrational rotations, providing a large class of non-reversible flows, 
including some analytic reparametrizations of linear flows on T 2 , so called von 
Neumann's flows and some special flows with piecewise polynomial roof func- 
tions. A topological counterpart is also developed with the full solution of 
the problem of the topological self-similarity of continuous special flows over 
irrational rotations. This yields examples of continuous special flows over ir- 
rational rotations without topological self-similarities and having all non-zero 
real numbers as scales of measure-theoretic self-similarities. 
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1. Introduction 

Given a (measurable) measure-preserving flow T = (T t ) te R on a probability 
standard Borel space (X, £>, fi) one says that it is reversible if T is isomorphic to 
its inverse with a conjugating automorphism S : (X, B, fi) — > (X, B, fi) being an 
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T t o S = S o T_ t for each t G K 



and 



(1.2) 



S 2 = Id. 



As far as we know, in ergodic theory, this problem was not systematically studied 
for flows. In case of automorphisms first steps were taken up in [13J . In that paper 
it has been shown that for an arbitrary automorphism T with simple spectrum 
all isomorphisms (if there is any) between T and T -1 must be involutions. The 
same result holds for flows: a simple spectrum flow isomorphic to its inverse is 
reversible, in fact, (jl.ip implies 1|1.2[R , Another class of flows in which (jl.ip puts 
some restrictions on the order of S is the class of flows having so called weak 
closure property: each element R of the centralizer C(7~) is a weak limit of time- 
t automorphisms, i.e. R = lim^oo T tk for some tk — > oo, namely we must have 
S 4 = JdB Moreover, if S 2 ^ Id then T is not reversible! 

It is easy to observe that isomorphisms between T and T~ l lift to isomorphisms 
of the corresponding suspension flow (see Section[5]for a definition) and its inverse, 
moreover, as observed e.g. in [5j, each isomorphism between the suspension flow 
and its inverse must come from an isomorphism of T and T _1 . In [13] there is a 
construction of an automorphism T satisfying the weak closure property, isomorphic 
to its inverse and such that all conjugations S between T and T _1 have order 
four. By taking the suspension flow over this example we obtain an ergodic flow 
having the weak closure property, being isomorphic to its inverse and such that all 
conjugations satisfying (jl.l[) are of order four, so this flow is not reversible. 

The problem of reversibility is closely related to the self-similarity problem (see 
[B], [9]). Recall that s £ R* is a scale of self-similarity for a measure-preserving flow 
T = (T t ) 46 K if T is isomorphic to the flow T o s := (T st )teR- The multiplicative 
subgroup of all scales of self-similarity we will denote by I(T) C R* . The flow T is 
called self-similar if J(T) ^ {— 1, 1}. Of course, if T is reversible then —1 <E I(T). 

One of possibilities to show the absence of self-similarities for a non-rigid flow 
is to show that in the weak closure of its 2-off-diagonal self-joinings there is an 

It should be noticed that, in general, even if HI. Ill and 11.21 are satisfied for some S then we can 
find S' which is not an involution but satisfies 11.11 [13 . For example, take T(x,y) = (x + ct, x + y) 
on T 2 . Then T~ 1 (x, y) = (x — a, — (x — a) + y) and S(x, y) = (—x, x + y) settles an isomorphism 
of T and its inverse. Of course S 2 = Id. On the other hand if we set cr-y(x, y) = (x, y + 7) then 
cr 7 T = To- 7 and ct 7 S = Su 1 . Hence (S<r 7 )T = T^iScr-,). But (5<r 7 ) n = S n < mod 2 V n7 , so we 
obtain a conjugation which is of infinite order (if 7 is irrational). 

Another example can be given by taking first a weakly mixing flow (St) and then considering 
Tt = St x S—t in which (x,y) h-> (y,x) yields reversibility of T. On the other hand, W(x,y) = 
(Siy,x) also settles an isomorphism of T and its inverse and since W 2 = Si X Si, W is even 
weakly mixing. 

2 The proof from 1131 goes through for flows. 

One more natural case when isomorphism of T and its inverse implies reversibility arises if we 
assume that the centralizer C((Tt)) is trivial, i.e. equal to {Tt : t g M} and the BS-action t 1— ► Tt 
is free. Indeed, as in 1131 . we notice that whenever S satisfies 11. Il l then S 2 belongs to C(T), so 
S 2 = T tQ . Now, clearly T to S = STt and since T tQ S = ST-t , we have T_ to = T io and hence 
to = by the freeness assumption. 

3 We borrow the argument from [13]: C(T) 3 S 2 = limfe_ >00 Tt fc and since Tt k S = ST_ tfc , by 
passing to the limit, S 3 = S~ 1 . 

4 Again, borrowing the argument from 1131 . suppose that S' satisfies 11. 111 . Then SS' £ C(T), 
so SS' = limfc^T^. Since T tfc S = ST_ tfc , (SS')S = S(SS')- 1 , whence (S") 2 = S" 2 , but 
S A = Id, so S 2 = (S') 2 . 

Note that it follows that if T satisfies the weak closure theorem, is isomorphic to its inverse 
and is not reversible then it has a 2-point fiber factor, namely {B g B : S 2 B = B}, which is 
reversible. 
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integral of off-diagonal joinings [S]. However, it is rather easy to see that on the 
level of 2-self-joinings we cannot distinguish between an action and its inverse. 
This is Ryzhikov's paper [35] which was historically the first to show that a certain 
asymmetry between an automorphism and its inverse can be detected on the level 
of 3-self-joinings by studying the weak closure of 3-off-diagonal self-joinings (see 
also By taking the suspension of Ryzhikov's automorphism we obtain a flow 
non-isomorphic to its inverse. One of the purposes of the paper is to generalize 
this approach and present potential asymmetries in the weak closure of higher 
dimensional off-diagonal self-joinings when we change time in the suspension over 
a rigid automorphism, see Proposition 13.71 

In Section [3] we extend techniques introduced in [8j for 2-joinings to the class of 
higher order joinings, see Proposition ^. 71 Recall that 2-joining approach was used 
fruitfully in proving the absence of self-similarity for some classes of special flows 
over irrational rotations on the circle, including so called von Neumann flows, see 
[9\. However, for proving non- isomorphism of the flow and its inverse this method 
breaks down. In this case, as in [39] . we will apply 3-joinings to distinguish between 
the flow and its inverse, see Proposition ^. 131 In Section 0] using Proposition 13. 131 
we prove that any von Neumann flow is not isomorphic to its inverse for almost 
every rotation in the base. 

In Section [5l the approach developed in Section [3] is applied to special flows 
T* built over irrational rotations Tx = x + a on the circle and under C r -roof 
functions (r is an odd natural number) which are polynomials of degree r on two 
complementary intervals [0,/3) and [(3, 1) (0 < f3 < 1). Using r + l-joinings we prove 
that for a.e. (3 the flow T* is not isomorphic to its inverse, whenever a satisfies a 
Diophantine type condition (along a subsequence, see (|5.2p ). 

In Section [S] the 3-joining approach turns out to be sufficient to construct an 
analytic area-preserving flow on the two torus which is not isomorphic to its inverse. 
In other words, we show that we can change time in an ergodic linear flow (which 
is always reversible) in an analytic way so that the resulting flow is weakly mixing 
and not reversible. We use the AACCP method introduced in [32]. Additionally, 
slightly modifying the construction, we prove that the resulting flow has no rational 
self-similarities. In fact, we obtain disjointness (in the Furstenberg sense) of any 
two different rational time automorphisms. This kind of investigations is partly 
motivated by Sarnak's conjecture on orthogonality of deterministic sequences from 
Mobius function through disjointness: see [3]. 

In Section [3 we come back to automorphisms, and as in [39J, we show that the 
3-joining method can be applied to a class of rank one automorphisms having a 
subsequence of towers of Chacon's type. We show that they are not reversible. 

In Section [5] we deal with topological self-similarities of continuous time changes 
of minimal linear flows on the two torus. Each such flow is topologically conjugate 
to the special flow T* build over an irrational rotation Tx = i + aon the circle and 
under a continuous roof function / : T — » M + . We show that if T* is topologically 
self-similar then a is a quadratic irrational and / is topologically cohomological to 
a constant function. It follows that if a continuous time change of a minimal linear 
flow on the two torus is topologically self-similar then it is topologically conjugate to 
a minimal linear flows as well. As a byproduct we obtain an example of a continuous 
flow on the torus which has no topological self-similarities and the group scales of 
self-similarity (as a measure-preserving system) is equal to R* . 

First historical examples of automorphisms non-isomorphic to their inverses were 
provided by Anzai [5], Malkin and Oseledets [34] , Moreover, the property of 
being isomorphic to its inverse (the more, reversibility) is not a typical property. 
As shown by del Junco |16j (for automorphisms) and by Danilenko and Ryzhikov 
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[6] (for flows) typical flow is disjoint from its inverse. But there are quite a few 
natural examples of flows which are reversible. Let us go through a selection of 
known examples. 

A) All ergodic flows with discrete spectrum are reversible. This follows 
easily from the Halmos-von Neumann theorem, see e.g. [I] (the fact that each iso- 
morphism must be an involution is a consequence of the simplicity of the spectrum 
of such flows) . 

B) All Gaussian flows are reversible. Indeed, each Gaussian flow is determined 
by a one-parameter unitary group IA — (Ut)tem acting on a separable Hilbert space 
H such that there is a spectral decomposition 

oo 

(1.3) H = 0M(i„) with a Xl > a X2 > . . . and a Xn (A) = a Xn (-A) 

n=l 

for each Borel subset Act and n > 1 (and a Xl is assumed to be continuous), see 
|19| . [2 6) . [27| . Now, the action U on R(x„) is isomorphic to the action y( n ); 

V t in \f)(x) = e 2 ™ tx f(x) for / e L 2 (R,a Xn ), 

so I n f(x) = f(—x) is an involution which settles an isomorphism of and its 
inverse. Then, up to isomorphism, / = Q)^ =1 I^ n ' is an involution which settles an 
isomorphism of U and its inversqj and it extends to a measure-preserving isomor- 
phism of the corresponding Gaussian flow (T t ) and its inverse, see e.g. |27) . 

C) Some horocycle flows are reversible. Let L C PSL2(R.) be a discrete 
subgroup with finite covolume. Then the homogeneous space X = T\PSL2(S) 
is the unit tangent bundle of a surface M of constant negative curvature. Let us 
consider the corresponding horocycle flow (h t )tes. and geodesic flow (<? s ) sg R on X. 
Since 

(1.4) gshgs 1 = K-2s t for all s,t <G K, 

the flows (/it)tgR and (/i e -2s t ) t6 R are measure-theoretic isomorphic for each s € M, 
so all positive numbers are self-similarity scales for a horocycle flow. 

We will now show that some horocycle flows are reversible. Let now J denote 
the matrix 



Clearly, J ^ SL>2(M.). However, if L satisfies L = J X LJ then J will also act on 
T\PSL 2 (R): 

J(Tx) := J~ l TxJ = (J^T^J^xJ = TJ~ l xJ. 

Moreover, 

J^htJ = h- t 

and since J yields an order two map, we obtain that in this case the horocycle flow 
is reversible. It follows that I((h t )t£m) = M*. 

Corollary 1.1. In the modular case V := PSL2(^) C PSL2(R.), the horocycle flow 
{ht)teR is reversible. 

There are even cocompact lattices L which are not "compatible" with the matrix 
J. In this case a deep theory of Ratner [37] implies that in particular (ht)t£R is not 
measure-theoretically isomorphic to its inverse. 



Notice that the same argument works for an arbitrary Koopman representation Ut = Ux t ■ In 
other words, an arbitrary Koopman representation is unitarily reversible. 
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Let us come back to the horocycle flow (htjteR on the modular space T\PSL2(M), 
r = P5L2(Z). By Corollary 11.11 this flow is reversible. Moreover, C((ht)teS.) = 
{h t : t <E E}. Indeed, first note that 

{a £ PSL 2 {R) : aTa' 1 = V} = V. 

In view of the celebrated Ratner's Rigidity Theorem (see Corollary 2 in [35]), it 
follows that C((ht)t£w) is indeed triviafl Hence, we obtain the following more 
precise version of Corollarv ll.il (cf. footnote \2§ . 

Corollary 1.2. In the modular case T := PSL2CL) C PSL2(M.) we have C((ht)tes.) 
= {ht : t € R}. Then, each S establishing isomorphism of (/i t ) t6 R with its inverse 
is an involution. Moreover, S = h to o J for some to £ K. 

D) All Bernoulli flows are reversible. This is done in two steps. If the entropy 
is infinite then (via Ornstein's isomorphisms theorem [31]) we have a Gaussian 
realization of such a flow and we use B). If the entropy is finite then (again via 
|31| ) we can consider the geodesic flow on T\PSL2(M). Then 

K~ 1 g t K = g- t for all t € E, where K = 

This establishes an isomorphism between (gt)tew & n d (g-t)tes. via an involution 
(K 2 = Id as an element of PSL 2 (M))Q and hence the isomorphism of (g s t)teM and 
(g-st)tm for each s e E \ {0}. 

E) Geodesic flow revisited, Hamiltonian dynamics^ In this case we ob- 
tain always reversibility, because each such flow acts on a tangent space following 
geodesies: the configuration space consists of pairs (x, v) (x - placement, v - speed) 
and the involution is simply given by 

(x, v) 1 y (x, —v). 
2. Special flows 

Assume that T is an ergodic automorphism of a standard probability Borel space 
(X, B, /j,). We let £>(R) and Ar stand for the Borel cr-algebra and Lebesgue measure 
on K respectively. 

Assume / : X —> E is an L 1 strictly positive function. Denote by — (T/) t6 R 
the corresponding special flow under / (see e.g. [3], Chapter 11). Recall that such 
a flow acts on (X^ , B f , [i f ), where X f = {(x,s) € X x E : 0<s< f(x)} and 
(fj,f) is the restriction of B ® B(E) (/j, ® Ar) to X? . Under the action of T* a 
point in X? moves vertically at unit speed, and we identify the point (x, f{x)) with 
(Tx,0). Clearly, T f is ergodic as T is ergodic. To describe this E-action formally 
set 

f f(x) + f(Tx) + ... + f(T k - 1 x) if fc>0 
f (k \x)=! if k = 

{ -(f(T k x) + ... + f(T- 1 x)) if fc<0. 



"The general result of Ratner states that elements of the centralizer are the composition of ht 
with the automorphism given by a as above. 

7 An alternative proof of reversibility of Bernoulli was pointed to us by J. -P. Thouvenot. Indeed, 
consider the shift T: {0, 1} Z -> {0, 1} Z given by T((x n ) n6Z ) = 0„ + i) n6Z , where {0, 1} Z is 
equipped with the product measure fi = P® z with P({0}) = fi({l}) = 1/2. Then the map 
I '■ (xn)nez i-> (sc— n)ns2 is an involution conjugating T with T~ . Moreover, there is a roof 
function / constant on each of the cylinder sets {(£n)nsz : x = 0}, {(^n)nez : x = 1} such that 
the special flow is Bernoulli 1321 . Now, it suffices to apply Remark 12. 31 below to conclude that 
Tf (as well as Tf o s for each s£l\ {0}) is reversible. For the infinite entropy case it suffices to 
consider the infinite product T* X T* X . . . 

^This was pointed out to us by E. Gutkin. 
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Let us consider the skew product T_/ : X x M - >IxI, 

T_/(x,r) = (Tx,r- f(x)) 
and the flow {<7 t )tem on (Ixl,Bg B(R),/x ® A R ) 

£7 f (ar, r) = (ar,r + t). 
Then for every (x, r) e xf we have 

(2.1) T/(x,r) = Vl f oo t (x,r) = (T n x,r + t- /<»>(*)), 
where n G Z is unique for which < r + t < f {n+1) (x). 

Remark 2.1. Recall that if T is an ergodic automorphism of a standard probability 
Borel space (X, B, n) is aperiodic. Moreover, any special flow is also aperiodic, 
i.e. for every t^Owe have ^({(x, s) € X s : T/(x, s) = (x, s)}) = 0. 

Remark 2.2. The special flow T$ can also be seen as the quotient R-action (o"t)teR> 
at(x, r) — (x,r + t) on the space X X K./ =, where = is the T_/-orbital equivalence 
relation, T~f(x, r) — (Tx, —f(x) + r). Indeed, at ° T—f = T—f o <j t , so at acts on 
the quotient space. Moreover, the quotient space X x R/ = is naturally isomorphic 
with X ' by choosing the unique point from the T_y-orbit of (x, r) belonging to 
Xf. Finally, 

(Tf) t (x,r) = (T_ f ) k <7 t (x,r) 

for a unique k G Z. 

Using Remark 12.21 we will now provide a criterion for a special flow to be iso- 
morphic to its inverse. 

Remark 2.3. Assume that T is isomorphic to its inverse: ST = T~ 1 S. Assume 
moreover that 

(2.2) f(Sx) - f{x) = h(x) - h(Tx) 

for a measurable h : X — > R. We claim that the special flow T* is isomorphic to its 
inverse and is reversible if S 2 = Id and h(TSx) — h(x). Indeed, first notice that 

(2-3) (T^y 1 =T- o 1 T _ 1 . 

Set 

g(x) = f{x) - h{Tx) 
and consider S 9t -i :Ixl4Xxl, 

S g -t{x,r) = (Sx,g(x) - r). 

Note that 5*3,-1 is measurable and preserves the measure fj, ® Ar. It follows imme- 
diately that 

(2.4) Sg,-i °< r t = CT-i ° <Sg,-i for each t 6 R. 

All we need to show is that S^-i acts on the space of orbits, that is, it sends a 
T_^-orbit into another T_/-orbit. For that, it is enough to show that 

(2.5) VjoT^o^)"^^)- 1 . 

Now, in view of (|2.3p . the equation (|2.5p is equivalent to showing that 

f(T- 1 Sx)+g(x)=g(Tx) + f(x) 
which indeed holds as by (|2.2[) (replacing x by Tx) we have 
/(fiTa?) - f(Tx) = h(Tx) - h(T 2 x), 
so fiT^Sx) - f(Tx) = h(Tx) - h(T 2 x), whence 

f(T~ 1 Sx) - f(x) = f(Tx) - f(x) + h(Tx) - h(T 2 x) = g(Tx) - g(x), 
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so indeed S g ,-i settles an isomorphisms of T* and its inverse. 

For the second part, we simply check that under the assumption S 2 = Id, we 
have g(Sx) = g(x) if and only if h(x) = h(TSx). 

Finally, notice that in the original functional equation l|2.2jl we can consider RS 
instead of S with R £ C(T) (note however that even if S 2 = Id we may now have 
(RS) 2 yt Id). 

To illustrate Remark 12.31 consider the special flow over irrational rotation Tx — 
x + a on T = [0, 1) with the roof function / of the form 

fix) = { b f ° r X£ f°' a ' ) 
Jy ' \ c for x e [a, 1), 

where < a < 1 and 6, c > 0. Then take Rx = x + a and Sx = —x. Note that RS 
is involution and check that / o Ro S = /, which by Remark 12.31 means that Tf is 
reversible. 

If we take / — 1 then the resulting special flow is called the suspension flow of 
T. Note also that special flows are obtained by so called (measurable) change of 
time of the suspension flow (see [1]). It is easy to see that 

T}(x,r) = (T^x,{t + r})B 

Recall that a sequence (q n ) of integers, q n — > oo, is called a rigidity sequence for 
T if T q " — > Id (similarly we define a real- valued rigidity sequence for flows). Note 
that whenever (q n ) is 

(2.6) a rigidity sequence for T, it is a rigidity sequence for the suspension. 

Directly from Remark l2.3l it follows that the suspension of the reversible automor- 
phism yields a reversible flow. 

Remark 2.4. Similarly as the functional equation (|2.2p defines an isomorphism of 
Tf with its inverse, if S € C(T) in (23) then 

(2.7) f(Sx)-f(x)=g(x)-g(Tx) 

with g : X — > K measurable, yields an element of C(T^ ). Indeed, consider the skew 
product 

S g : X x E -)• X x K, £? fl (x, r) = (Sac, r + g(x)). 

Then S g commutes with the flow (astern, and, by (|2.8p . with the skew product 

It follows that S g can be considered as an automorphism on X? = (IxR)/ = 

with commutes with the special flow TA 

The following lemma tells us that whenever the centralizer of is trivial, we 
can solve the functional equation (|2.7I) only in a trivial way. 

Lemma 2.5. Assume that T is ergodic and C(T^) — {T/ : t £ K}. Suppose that 
S G C(T) and g : X — > R is a measurable function such that 

(2.8) f o S — f = g — g oT. 
Then there exist k S Z and to 6 K such that 

S = T k and g = t -f ik} . 
Proof. By Remark 12.41 the automorphism 

S 9 :Ixl4lxI, S g (x,r) = (Sx,r + g(x)) 



[■] stands for the integer part of a real number. 
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can be considered as an element of C(T*). By assumption, there exists to £ 1 such 
that S g = t( on X? . Therefore, there exists a measurable function i:IxR->Z 
with 

(Sx,r + g(x)) = S g (x,r) =T k _f r \x,r + t Q ) = (T k ^x,r + t - fM*> r »(x)), 

so 

Sx = T k{x ^ and g(x) = t - f {k{x ' r)) (xj). 

It follows that k does not depend on the second coordinate, i.e. k(x, r) — k(x) 
(indeed, f (kl) {x) ^ f (k2) {x) whenever ki ^ k 2 ) and Sx = T k{x ^x. Thus 

T l+k(m) x = TSx = STx = T HTx)( Tx ^ = T KTx) + l x ^ 

By the ergodicity of T, k o T = k and hence k is constant, which proves our 
claim. □ 



3. Joinings and non-reversibility 

In this section we will present a method of proving non-reversibility by studying 
the weak closure of off diagonal self-joinings (of order at least 3). 

3.1. Self-joinings for ergodic flows. Assume that T = (2~t)teK is an ergodic flow 
on {X, B, fi). For any k > 2 by a k- self -joining of 7" we mean any probability (T t x 
. . . x T t ) te j{-invariant measure A on (X k ,B® k ) whose projections on all coordinates 
are equal to /i, i.e. 

A(X x...xXxAiXXx...xX) = /i(Aj) for any 1 < i < k and A k £ B. 

We will denote by J k (T) the set of all &-self-joinings for T. If the flow (T t x . . . x 
Ttjtes. on {X k , A) is ergodic then A is called an ergodic Adjoining. 

Let {B n : n £ N} be a countable family in B which is dense in B for the (pseudo-) 
metric d )Jl (A,B) = fi(AAB). Let us consider the metric d on Jk(T) defined by 

d(A,A') = 2ni+ 1 .+n. l A ( fl "i x---xB nk )- \'(B ni x ... x B nh )\, 

ni,...,n*eN 

Endowed with corresponding to d topology the set Jk(T) is compact. 

For any family Si,..., Sk-i of elements of the centralizer C(T) we will denote 
by fjLSi,...,Sh-i t ne Adjoining determined by 

A*Si,...,s*-i(-Ai x ... x A fe _i x A k ) = n(S^ 1 A 1 n . . . n s-\A k ^ n A k ) 

for all Ai,...,Ak £ B. Since fis 1 ,...,s k ^ 1 is the image of the measure fi via the 
map x <— > (Six, . . . , Sk—ix, x), this joining is ergodic. When all Si are time ti- 
automorphisms of the flow, then HS\,...,s k -i IS called an off-diagonal self-joining. 

For any probability Borel measure P £ V(R k ~ 1 ) we will deal with the measure 
/ K fc-i ^T tl ,...,T tk l dP(ti, . . .,t k -i) defined by 

/ f*T tl ,...,T t dP(ti,...,t k -i)(A) ;= [ Mr tl ,...,T t . (A)dP(ti,...,t k -i) 

for any A £ B® k . Then J &k ^ j u Ttl ,...,T tifc _ 1 dP{t u . . .,t k -i) £ J k (T). In the follow- 
ing section we will provide a criterion of having such an integral self-joining in the 
weak closure of off-diagonal joinings for some special flows. 

Similarly, we also consider joinings between different ( ergodic) flows, say T = 
(Tt)tgK and S = (St)teK- Following [TO], we say that T and S are disjoint if 
J(T, S) = {n®v). We write T ± S. 
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3.2. Basic criterion of existence of integral joinings in the weak closure. 

Let G be a locally compact Abelian Polish group. Assume that || • || is an F- 
norm inducing a translation invariant metric d on G. Denote by G the one-point 
compactification of G. Assume moreover that T : (X, B, (i) —> (X, B, /i) is an ergodic 
automorphism and F n : X — > G, n > 1, is a sequence of measurable functions such 
that 

(3.1) (F„),M^eP(G) 

*-weakly; V{G) stands for the set of probability Borel measures on G. The following 
result is a natural generalization of Lemma 4.1 from [5j. 

Proposition 3.1. Under the above assumptions, suppose moreover that 

(3.2) F n o T — F„ — > in measure. 

Then for each <fi £ C(G), h : X — > G measurable and j £ L (X, B, /i) we have 



lim 

n— >oo 



4>{F n (x) + h(x))j(x) d(j,(x) 



x 



cf>{g + h{x))j{x) dP(g)dv(x) 



X JG 



Proof. We will first assume that h = 0. In order to prove the above weak conver- 
gence we need to show that 



(3.3) 



lim 



x 



^(F n (x))j(x)dn(x) =0 



for each j whose mean is zero. Now, since the functions of the form k o T — 
k with k £ L 1 (X, B,/j,) are dense in the latter subspace we need to show that 



lim„ 



J x 4>{F n {x))(k(Tx) - k(x)) dfi(x) = 0. We have 



A' 



(j>(F n (x))j(x)dfi(x) = / cj)(F n (x))k(Tx) dfi{x 



4>{F n {Tx))k{Tx) dfj,(x) 



x 



(<f>(F n (x)) - 4>(F n (Tx))) k{Tx) dfx{x). 



x 



Now, since <f> is uniformly continuous and bounded and (I3.2[) holds, (|3.3[) follows. 

Suppose now that h — h{ ■ 1^ is a simple function (hi £ G and the sets 

Ai, 1 < i < m form a measurable partition of A). We have 



<j}(F n {x) + h(x))j(x) d(i(x) = V / 4>(F n (x) + hi)j(x)l Ai (x) dfi{x) 
\ l=1 Jx 

J G <P(g + h t )dP(g) JJ,j-\ Ai ){x) dn{x) 



<j>{g + h{x))j{x) dP{g)dn(x) 

IX JG 

All we need to show now is that for each e > we can find a measurable h £ : X — : 
taking only finitely many values so that 



G 



(3.4) 
and 
(3.5) 



x 



(j>{F n (x) + h{x))j(x) dn(x) - / <t>(F n (x) + h e (x))j(x) dn(x) 



x 



< e 



x 



(frig + h e {x))j{x) d/j,(x) 



x 



4>{g + h(x))j(x)dfi(x) 

Given e > we select 5 > so that 

Il5i-sa|| <S \<f>(9i) - 4>{ 9 2)\ <e/(2||i|Ui). 



< 
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Then select 77 > so that whenever (x{A) < r\ 

\j(x)\dn(x) < 6/(41101100). 



Finally choose h e : X — > G measurable so that h s takes only finitely many values 
and 

fi({xeX: \h e {x) - h{x)\ > 6}) < 7]. 

We have 

4>(F n (x) + h(x))j{x)dn{x) - / <j){F n {x) + h s (x))j(x)dp,(x) 

Jx 

<2 [ ||0||oo|i(a:)| dM«) 

J{xeX: \\h E (x)-h(x)\\>5} 

-\j(x)\dfi{x) < e. 



'{xdX: \\h e (x)-h(x)\\<5} 2 llilU 1 

We established p.4[) and (|3.5[) follows in the same manner. □ 

Lemma 3.2. For all to, ... , td-i G M and all measurable sets Aq, . . . , Ad C X* we 

have 

V? ( {^{T^uA^AA = ]T m®A r ( f) ((T- f ) k *o- ti Ai)nA d j . 

\i=0 / k ,ki,— ,kd-ieZ \i=0 ) 

Moreover, the sets [^J^ {(T-f) ki a ti Ai) fl Ad, (fco, . . . , fcd-i) € Z d are pairwise 
disjoint. 

Proof. Given (t , . . . , G R d and (x, r) G X*, 

(T f ) u (x, r) = (T_/) fel er ti (2, r) for a unique h G Z for < i < d - 1. 
Hence if we fix i G {0, . . . , d — 1} then 

Tl(Ai)= {jTH f a u (Ai)nX f . 

fcGZ 

The sets on the RHS of the above equality are pairwise disjoint and they correspond 
to the images via T[_ of the partition of X? into pairwise disjoint sets on which the 
action of t/. corresponds to T k jO- ti , k G Z. Therefore (remembering that Ad C X?) 

d~l d-l 

f| Tl(Ai) n A d = f| |J T k _ f a u (A,) n A d 
U miiT-f^o-uAAnAd). 

fc ,fci,...,fc (i _iGZ \i=0 / 

It follows that the above representation corresponds to the partition of the space X? 
into countably many subsets X[ o kd i , (fco, . . . , fcd-i) G 7L d ', on which, for each i = 
0, . . . ,d — 1, (Tf) ti acts as (T_/) fci <r ti . Moreover, since {T^) ti is an automorphism, 
the images {F-f) ki u ti f-X^ fcd t J are pairwise disjoint for (fco, • • • > fcrf-i) G Z d 
and the result follows. □ 
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Lemma 3.3. Suppose that Aq, . . . , A d C X x R are measurable rectangles of the 
form Ai = Bi x d for < i < d. Then 



A R ^f] ((T_/) fei A,) nAdj 



A R f f| (Ci + (a:)) nC j 

Proo/. We have (x, r) G f)i=o( T -f) ki ( B > x C ^ B d x C d if and only if 

(z,r) = (T fci yi,n-/ (fei) (yi)) with (yurJeBiXCi 

for < i < d - 1 and (x, r ) e B d x C d . Thus 

d-i 

(x, r) G f) (T-f) ki {Bi x d) nB d xC d 

i=0 

if and only if 

d-i 

i=0 i=0 

Since f^ m \T~ rn x) = -f^ m \x) for any m G Z, the result follows. □ 



a— i a— i 

G f) T ki Bi n B d and r G f| ((7; - f^(T~ ki x)) n C rf . 



As an immediate consequence of (the second part of) Lemma 13.21 and Lemma l3.3l 
we obtain the following result. 

Remark 3.4. For hxed to, ... , t d -\ G M and fej G Z with < io < d — 1 and for 
all measurable sets Ai C X^ of the form A$ = Bi X Cj where < i < d we havj^ 

X! A* ^ Ar I f (T^f) ki a ti Ai n j < /* <g> A R ((T^ f ) k 'o o Uq A io n A d ) 



A R ((C i0 + i io + / ( ^'o)( x )) n C d ) d/i(a:) 

A R ((C i0 + t io + f ( - k ^(x)) n C d ) d/i(a;). 



< 

Suppose that / G L 2 (X,ii) and (?n)neN is a sequence of integer numbers such 
that the sequence (/q ^)neN is bounded in L 2 (X, fi), where fo "■= f — J f d[i. 

Lemma 3.5 (Lemma 4.4 in [8]). -For every pair of bounded sets D,E C 1 t/iere 
exists a sequence (afc)feez of positive numbers such that 

• / x A E f(L> - / (9n) (a;) + /W (z)) n £;) a> < a fe /or eac/i n G N and fc G Z. 

Remark 3.6. For any ?x, ^2 G Z we have 

/(^(x) - li = - h + f {h) (T h x) = ti h) (x) + f«*)(2*i x ). 

Proposition 3.7. Suppose that f G L 2 (X,fi) is a positive function with J x f d[i 
1 and t/iere exists c > suc/i i/ia£ /( fe ) > ck for a. a. x £ X and for all k G N 
Zarge enough. Let {q l n ) n >i be rigidity sequences for T for < i < d — 1. Moreover, 
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suppose that the sequences (/q 9 "'' J are bounded in L 2 (X,fi) for < i < d — 1 

V / n>l 

and 

(3.6) (fifi,--,/^) (/*)-> P weakly in V(R d ). 



Then 

(3.7) f tJ -> f (n f ) T j , dP{t ,...,t d -i)- 

Remark 3.8. Before we pass to the proof let us see the assertion of the proposition 
in case of the suspension flow, i.e. / = 1, that is, fa = 0. In this case P is the Dirac 
measure at zero of K d , so in (|3.7p we have a convergence to the diagonal (d+ l)-self- 
joining A^+i- This can be see directly in view of (|2.6[) : indeed, all sequences (q l n ) are 
rigidity sequences for the suspension flow and hence yield convergence of the LHS 
in (|3.7p to Ad+i- It follows that Proposition 13.71 provides a class of (measurable) 
change of times of the suspension flow, so that the LHS in ()3.7p weakly converges 
to the integral of off-diagonal (d + l)-self-joinings given by the limit distribution 
in (JSU). 

If T is rigid and reversible, then so is its suspension. We will see later the the 
changes of time described in Proposition 13.71 may lead to non-reversible flows. 

Proof. First notice that all we need to show is that (|3.7p holds for all measurable 
rectangles Ai C X$ of the form Ai = Bi x Ct (0 < i < d) such that Ct are bounded 
for < i < d. 
Setting 



/d-\ 



for n € N, fco, ... , fcd-i € Z, by Lemma I3~121 we have 

(3-8) ^(n^n^] = £ o3te,...,**-i- 

\i=0 / fco,— ,fc<i-i6Z 

Since <7_ g i (j4^) = x (Ci — q l n ), using Lemma 13.31 and Remark 13.61 we obtain 

d-l 



d-l 



(3.9) 

A R fn(Cj + (a) + /< fc <>(7<x)) n C d ) d/i(x) 
D-=iT- k i-<B t nB d \ =0 7 

Using again Remark RTBl for all n <E N, k , . . . , € Z we have 



h n 

"fco,---,fcd-l 



Am fl - 9 « + (xj) n qWx) 



Am fl (a + f^\x) + f^(T<x)) n C d Wx). 



V=o 



We claim that 

(3.H) Jim (al _ kd _ x - b n k ) = for all fc , . . . , k d . x € 
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Notice that in formulas (|3.9j) and f|3 . 1 0[) describing aJ? o ^ and b% g k respec- 
tively we have 



(6,-x 



4>n{x) := A K fl (C\ -qi + f (k ^(x)) n C d < A R (C d ). 



Therefore, 

I n in 

| a feo,---:'£d-i ~ °k ,...,k d -i I 



d-1 d-1 

< A R (C d ) fl T-^Bi n fl d ) a( fl T- fc 'B 4 n B L 

i=0 i=0 

d-l 

< A K (Q)^/z(i<s i A.B i ). 



and (g n ) n >i for < i < d — 1 are rigidity sequences for T, this gives (|3.1ip . 

Let e > and fix < io < d — 1 and ki £ Z. By Remark 13.41 and Remark 13.61 
for any n £ N we have 



Ar ((c io + / ( *» + /( fe 'o)( T ^x)) n C d ) dn{x) 

Ar ((c io - + /^(z)) n c d ) 



Therefore, by Lemma 13.51 there exists M > such that for any < io < d — 1 and 

n£N 

E E a fe ,-:fed-l < 

fci |>MfcjeZ,j^i 

It follows that 
(3.12) 

E ^ E E E °fca,...,fc*-i ^ e / 4 - 

max(|fc |,...,|fe<i-i|)>M 0<i <d-l |fc« |>M fej eZ.jVio 

Let us consider F„ : X -> R d , F„0) = (F°(x), . . . , F^~ 1 (x)) with 

^(x) = / (9 » ) ( a; ) + /( fei )(T< a; )-/^)(a ; ) for t = 0,...,d-l 

and (fco, . . . , fcd-i) fixed. Since (<Z„)n>i is a rigidity sequence for T, / WoT'n-/^') 
tends to zero in measure when n — ► oo for every i = 0, . . . , rf — 1. Therefore, (|3.6p 
implies (F„)*/z — ► P weakly in V(R d ). Moreover, 



f>r-f: = (/o^)or«»-(/or fci ) for » = o,...,d-i, 
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so F n o T — F n — > in measure. Now using Proposition GO with G = R d and (j3~TU)) 
we obtain 



d-l 



(3.13) 

ko,.. .,kd—i 

a r ( f) (a + f^ J (x) + f^\T^x)) n C d )dn(x) 

' i=0 
d-l 

a r ( fl (Ci + + /( fe *>(x)) n C d )rf M (x) 

4=0 

d-l 

a h ( Pi (c i +t i +/( fe *)(x))nc d )rfP(to,...,^-i)rf/i(a 



d-l 



>ntZoT- h iB i nB d 4=0 

d-l 

_ / / , / 



p [ f-iT~ k 'B i nB d 
= '■ Cfco,...,fcd_i 



1=0 



for each fco, ■ - ■ , fcd-i G Z. By Fubini's theorem and Lemma 13.31 we have 
(3.14) 

d-l 

\JC]{C l +U + f^\x))^C^d^{x)dP{t^...,t d -i) 

V\iZo T k ' Bi(lB d V =0 1 
d-l 



A R ( p) {T_f)~ k >o u {B t x d) n (B d x C d ))dP(t 0) ■ • .,« rf -i) 

i=0 
d-l 

A» ® A K ( p (T_/)~ fci cr ti Aj n A d )dP{t o, . . . , *d— l)- 



! = 

Moreover, by Lemma EOl 

ko,—,k4-iEZ 

„ d-l 

(3.15) = X) / M®AM(n(T_ / )- fei < 7 ti A i n^ d )dP(to,---,^-i) 
fc ,...,fci_iez d i=o 

- d-l 

= / M f f n(^)f,AnA i )rf%... ) t ( i-i). 

• / « d V '=o 7 
Increasing M , if necessary, we can assume that 

(3-16) Y, Cfc«.....,* d -i < £ / 4 - 

roax(|fe |,---.|fei-i|)>M 

Combining (|3.1ip with (|3 . 13[) we get 

Ofco,...,**-! c fco,...,fcd-i for a11 fe 0, • • • , fcd-i G Z. 

Therefore, there exists N G N such that for all n > TV and fco, . . . , k d -i e Z with 
max(|fc |,...,|fcd-i|) < M 

l a fco,---,fc (J _ 1 _ C fc ,...,fcd-1 I < 



2(2M + iy 
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In view of Q3.12p and (|3.16p . it follows that 

fco,...,k<i_i€Z feo.---,fcd-i£Z 

^ X Ofco,...,*;^! + X c feo:...,fed-i 

max(| &io |,...,|fcd_i|)>Af max( \ko | i |)>Af 

+ X |afc ,...,fe„-i ~ Ck ,...,k d -t\ < £ - 

max(|fc |,...,|fcd_i \)<M 

By (|3.8p and (|3.15p . this completes the proof. □ 

3.3. FS-type joinings and non-reversibility. From now on we assume that all 
flows under consideration are ergodic and aperiodic. 

For any e = (e , . . . , e d -{) G {0, l}' d := {0, l} d \ {(0, . . . , 0)} and for any vector 
x = (x , . . . , x d -i) G R d let 

x(e) = e x + eixi + . . . + Ed-iXd-i- 

If we look at the assumptions of Proposition 13.71 we see that for any choice of 
e= (e , ■ ■ .,£d-i) € {0, l}' d setting q n := (q^q*, . . . we have 

(q n (£)) n >i is a rigidity sequence for T and (f^ n J is bounded in L 2 . 

we can assume that 

((£ n(S)) ) ) -^QeV(R {0 ' 1} ' d ) when n^oo. 

\\ /e£{0,l}'V* 

For any t € IR'f ' 1 } d denote by /z| G J 2 d(T^) the off-diagonal 2 d -self-joining 
defined the family of elements of the centralizer {T^ : e G {0, this is 

n ^-)=^( n 

ee{0,l} d ee{0,l} d 

we make the convention that £(o,...,o) — f° r am/ * S K^ 0,1 ^ d - Hence, in view of 
Proposition 13.71 

( 3 - 17 ) 4?n(£)) „ M-t-dQ©- 

Recall that given a = (ao, . . . , a<2-i) G M. d , by the finite sum set FS(a) of a we 
mean 

FS(a) = {a , oi, . . . , ad_i,a + ai, a + a 2 , . . . , a + Oi + . . . + a d _i} 

= {m--ee{o,iy d }. 

The off-diagonal joinings on the LHS of (13. 1 7[) have certain symmetry property 
(explored below) which, when assuming isomorphism of the flow with its inverse, 
should result in a certain symmetry property of the limit measure Q. Hence, if 
the expected symmetry of Q does not take place we obtain that the flow is not 
isomorphic to its inverse. We now pass to a precise description of the symmetry of 
Q in a more general situation. 

Assume that T = (T t ) tg ja is an ergodic and aperiodic flow on (X, B. (i). Suppose 
that there exists a sequence (q n )n>i in R d , and a probability Borel measure Q G 
1 ' 1 >' d ) such that 



(3-18) A*(g n (e)L p , lVd -> / U-tdQ(t) in J 2 d(T) 

- 1 ■ /-m>{ 0,l} /d 
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Note that, because of the aperiodicity of T, for distinct i , s € M^ 0,1 ^ the measures 
fit, Us are orthogonal. Therefore, the integral in (I3.18P represents the ergodic 
decomposition of the limit measure. 

We also assume that T and T° (—1) are isomorphic, i.e. for some invertible 
5:(X,B,/i)^(X,B, M ) 

(3.19) S o T t o S 1 - 1 = T_i for each t G E. 

The map S '. X — y X induces a continuous (affine) invertible map S* \ (T - ) — $ 
J 2 d (T) such that 

S*(P)( II A e)-=p( II s ~ lA t) for A e -eB, ee{0,l} d . 

eG{0,l} d ee{04} d 

Moreover, for any i £ R^ 0,1 } 

s f .c«)( n ^-)=«( n s _i ^)=m( n ^s- 1 ^) 

ee{QS} d ee{0,l} d ee{0,l} d 

^(V 1 f) T h A s ) = ^ f) T fe A e -) =/x_ t -( J] A g ) 

ee{0S} d ee{0S} d ee{0,l} d 

Thus 

(3.20) 5, (/if) = /i_f. 
By the continuity of 5* 

s *(P(<i n (e)) Ee!01 y d ) ^ s *( V-idQ(t))= S*((j,_t)dQ(i). 

In view of (I3.20p . it follows that 

(3.21) ^WW,--»/ lftl}(1 «W 
Let us consider the involution 

/ : {0, l} d -> {0, l} d , I(e , ■ ■ ■ , e«i-i) = (1 - e , . • . , 1 - 

: R^" R^", 0((ir)«= {Oll }«) = ((<(i,..,D " ii&) ge{0Ay *). 
Thus, by ([3TT5]) 

/*(-8»w)« { o.i>«« ( n ^-)=m( n r &(e)^«) 

ee{o,i} d ee{oa} d 
£e{o,i} d ee{o,i} d 

ee{0.1} d ee{Q,l} d 



> f n-t( n A m) = I m( n r ^ 

/ /( fl T- ti(f) A E )dQ(t) 



dQ{t) 



ee{o,i} d 



JK ' ee{0,l} d 



eG{0,l} d 
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in the last line we use the fact that in,...,!) — ti(g) = for e — (0, . . . , 0). In view of 
(pOTj) , it follows that 



/ fi T fdQ(t)= [ ^T { de r Q(t). 



By the uniqueness of ergodic decomposition, we get 9 sr (Q) — Q. In this way we 
have proved the following result. 

Proposition 3.9. Assume that T = (T t ) t6 R is an ergodic and aperiodic flow on 
(X,B,fi). Assume thatT satisfies V3.18\) . If the measure Q is not invariant under 
the map 9 : M't 0,1 ^ — > R't ^ 1 ^ then (T t )t£R is not isomorphic to its inverse. In 
particular, (T t ) te R is not reversible. 

Remark 3.10. Suppose additionally that the flow T is weakly mixing. Then each 
its non-trivial factor is also weakly mixing, so it is ergodic and aperiodic. For each 
such factor (|3.18[) is evidently valid. It follows that the absence of isomorphism to 
the inverse is inherited by non-trivial factors of T. 

Two particular cases follows. First, consider the case d = 2. Then the space 
r{o,i}' 2 is identified with R 3 by the map R^ * 1 }' 2 3 t h-> t (1)0 ), i(o,i)) e r3 - 

The the map 6 is identified with : R 3 — > R 3 , 9(t, u, v) = (t,t - v,t - u). 

Corollary 3.11. Assume that T = {TtjteR is an ergodic and aperiodic flow on 
(X,B,fj,). Assume moreover that 

^T r „+ qn ,T rn ,T gn >->■ / fJ-T_ t ,T_ M ,T_vdQ(t,U,v) 
JR 3 

for some probability measure Q G 'P(R 3 ). // the measure Q is not invariant under 
the map (i, u, v) i— > (t, t — V, t — u) then T is not isomorphic to its inverse. 

Now suppose that q n = (q n , . . . , q n ). Then q n (e) = \e\q n , where \e\ = eH Ve d - 

Let us consider the maps 

g : R d ^ R^", e(( Xj )££) = {x d . m ) se{o iyd , 

9 : R d — > R d , 9(t , ti, . . . , td-\) = (to, to — td-i, ■ ■ ■ ,t — ti). 

Then g o 9 — 9 o g. Moreover, if 

(3-22) VT dqn ,T (d _ 1)qn ,...,T qn ^ / /iT_ t0 ,T_ tl ,...,T_ t dP(£ ,---,*d-l) 

JR d 

for some P_e T(R d ) then (|3~T51) holds for a measure Q = g*(P) G V(E. {0 - 1} ' d ). 
Moreover, 9*(Q) = Q implies g*9*(P) — g*(P), and hence 9*(P) = P. As a 
conclusion from Proposition 13.91 we obtain the following. 

Corollary 3.12. Assume that T = {T t )teR is an ergodic and aperiodic flow on 
(X, B, /i). Assume that (|3.22p is valid for a measure P G "P(R rf ). // the measure P 
is not invariant under the map 9 : R d — > M. d then T is not isomorphic to its inverse. 

Finally consider d — 2. 

Corollary 3.13. Assume that T — (T t )teR is an ergodic and aperiodic flow on 
(X,B,[a). Assume also that 



A*t 2 ,„,t,„ -> / A*T_ t ,T_„ dQ{t,u) 

JR 2 



for some probability measure Q on I 2 . // the measure Q is not invariant under 
9(t,u) — (t,t — u) then (T t ) te R is not isomorphic to its inverse. In particular, if 
(0, x) G R 2 is an atom of Q but (0, —x) is not then T is not isomorphic to its 
inverse. 
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In next three sections we will deal with special flows built over irrational rotations 
on the circle. Such flows are always ergodic and aperiodic (see Remark 12. ip , so we 
can apply the results of this section for proving the absence of isomorphism with 
their inverses. 

4. Non-reversible special flows over irrational rotations 

In this section we will discuss non-reversibility property for special flows built 
over irrational rotations on the circle and under piecewise absolutely continuous 
roof functions. For a real number t denote by {t} its fractional part and by \\t\\ its 
distance to the nearest integer number. 

We call a function / : T — > R piecewise absolutely continuous if there exist 
/3\, . . . ,Pk £ T such that f\ip. is & n absolutely continuous function for j = 
1,...,K (f3 K+1 = fa). Let d-~ /_(&) - /+(&•), where f ± (f3) = lim^i f(y). 
Then the number 

K 

(4.1) S{f):=Y,dj= f'{x)dx 

is the sum of jumps of /. Without loss of generality we can restrict ourselves 
to functions continuous on the right. Each such function can be represented as 
/ = f p i + f ac , where f ac : T — > R is an absolutely continuous function with zero 
mean and 

K 

fpiix) = ^di{x- Pi} + d. 

2=1 

In this section we will prove non-reversibility for special flows built over almost 
every irrational rotation Tx = x + a and under roof functions / with S(f) =/= 0. 
Such flows are called von Neumann flows. 
We need some auxiliary simple lemmas. 

Lemma 4.1. Let (X n ) be a sequence of random variables (each one defined on a 
probability space (tt,J-,fi)) with values on M. d . Assume that for n > 1 we have a 
partition {A 7 ^ : k = 1, . . . , K} of f2 such that ^{A 1 ^.) — > 5k when n —¥ oo for each 
k = 1, . . . , K . Assume moreover that for each k = 1, . . . , K 

{Xn)*{liA*) -> Pk when n -> oo 

weakly in the space of probability measures on R d (fic stands for the relevant con- 
ditional measure: [ic(A) := fi(A(~] C)/fi(C)). Then 

K 

fe=i 

Proof. Assume that <f> : R d — > R is continuous and bounded. Then 

0(t) d((X n ), (^)) (t) = f d>{x n ) d^ = J2 ^ A l) I <t>(x n ) d^ k 

Jn k=1 Jn 

K 

^4 / (Kt)dP k (t). 



k=l 



□ 



Lemma 4.2. Let (X n ) and (C n ) be sequences of random variables (each one defined 
on a probability space (H n ,J- n , /i„) ) with values on M. d . Assume that (X n )*(/i n ) — > P 
and C n tends uniformly to the constant function c G M d . Then 

(X n + C n ).(/in)->(T c )»(P), 



NON-REVERSIBILITY FOR ERGODIC FLOWS 



19 



where T c {x) — x + c in M. d . 
Proof. Fix s £ M. d . By assumption 

f e 2 ™- x " dfin -> I e 2ms '* dP{t). 
Jn Ju d 

Moreover, 

' e 2^s.(X n+Cn ) ^ _ f e 2« S .(t+c) dp{t) 
jR d 

\ JR d 

f e 2nls - x -d^ n - f e 2ms '*dP(i) +2tt|s| f \C n ~c\dP{t). 
Jn Jis. d Jn 



< 

It follows that 

e *™-(X n +c n ) djln ^ f e 2 " ls < t+c) dP{t)= [ e 2 " s - 4 d((r c )4P))(i), 
< Jm d Js. d 

which completes the proof. □ 

The following lemma holds. 

Lemma 4.3. Let (X n ) be a sequence of random variables (each one defined on 
a probability space (f2 n , T n , H n )) with values on M. d such that [X n ) t (fi n ) — > P. 
Assume that A : R d — > R d is continuous. Then 

Remark 4.4. Directly from the definition it follows that {x + y} — {x + {y}} for 
each x, y £ M. Moreover, whenever a, b £ T = [0, 1), we have 

{x + a - b} - {x - b} = a - l [{b _ a} ^ b) (x) 

for x £ T, where [{b — a}, b) is understood as an interval on the circle (if d > e then 
[d, e) = [d, 1) U [0, e)). Indeed, {x + a - b} - {x - b} = {a + {x - b}} - {x - b} and 
for < t < 1 we have {a + t} — t = a if 0<t<l— a and a — 1 for 1 — a < t < 1. 

For any irrational number a — [0; a±, a%, . . .) £ T denote by (p n /Qn)n>o the 
sequence of convergents in continued fraction expansion of a (see e.g. |21| for basic 
properties of continued fraction expansion of a). 

Lemma 4.5. The set A C [0, 1) of those a irrational for which for each e > there 
exists < S < e such that 

1n k \\qn k a\\ -> 5 

along a subsequence — rifc(e) is of full Lebesgue measure. 
Proof. We have 

o — T < 1n\\qna\\ < . 

The result follows directly from the ergodicity of the Gauss map G : [0, 1) — > [0, 1) 
(see e.g. [7]). □ 

Assume that f(x) — X)fc=i di{x — fii} + d. Let Tx — x + a and suppose that 
{q n ct} = \\q n a\\. The case where {q n a} = 1 — \\q n a\\ can be treated in a similar 
way. We have 

«„-i 

f^\T^x) ~ f^\x) = f^(T«»x) - f^\x) = £ (/ oT«» - /) ( T ^)- 

3=0 
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Moreover, in view of Remark 14.41 

K 

f(T q "y) - f(y) = dy + ina - Pi} -{y- ft}) 
i=i 

K K 

= ^2 d t ({v + \\lnOi\\ - ft} - {y- Pi}) = (\\q n a\\ - l[ft-|| gn a|| m(v)) ■ 

i=l i=l 

Thus 

K K q n -l 

(4.2) f^(T^x)-f^(x) = q n \\q n a\\{j2 d i)-J2 d ' E A) 

i=l i=l j=0 

Moreover, since [s, s + \\q„a\\) is the base of a Rokhlin tower of height q„+i , we have 

( 4 - 3 ) E 1 [ft-H^"IIA)( x + J Q: ) = or L 

j'=o 

Given n > 1 and e S {0, 1} , taking into account (|4.3p . set 
(4.4) A"=|xeT: ^ l [/9 ._|| gna || A) (a;+iQ!) = for i = 1,...,K 

3=0 



Then, in view of (|4.2I) . for x £ A™ we have 

(4.5) f^(T*>x) - f^\x) = g n || gn a||S(/) - C ej 

where C e = X)i=i ^« e i ( n °te that Co = Cyq,...^) — 0)- 

Suppose that the roof function / : T — > K is a piecewise absolutely continuous 
function and let us decompose f = f P i + fac- Suppose that (7n||<7nO;|| — > <5 > 
and n(A™) — > p e for e G {0,1}^ (sets ^4™ are defined accordingly to the function 
f p i). By Koksma-Denjoy inequality (see e.g. [2J), || (/ p /) 9m) || sup < Var/, thus the 
sequence (((/p;)o ? "'')*(/ i A™)) n>0 of distributions is uniformly tight. By passing to 
a further subsequence, if necessary, we can also assume that 

(4.6) ((-Wo 9 ' )* Pe when n ^ (X) - 
Recall that (see e.g. |15| ) 

(4-7) II/^IUp-^o. 

Set X n = (/ (3fa) > /^ ) ) : T -» M 2 . Then 

(/p^), /(*.)) = ( 2 ( /pJ )< 9 " ) + 4r } o r 9 " - 4r>, (/„)<«»>) + (/#»>,/<* 

In view of P~5]) . for x € A™ 

(4-8) X„ = (2(/ pJ )^ ) , (/ P 0o 9n) ) + felkn«||5(/) - C e ,0) + 
Let 4 : K -> M 2 , Ax = (2x, x). Thus 

Y n := (2(/ P ,f ) ,(/ pI )i ? " ) )=Ao/W, 



so by Lemma 14.31 and 
(4.9) (Y^ifiAn) A m (P e ). 
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Since X n = Y n + (q n \\q n a\\S(f) - C e ,0) + (/iiH fil n) ) on A™, {fil qn \ fi% n) ) 
uniformly tends to zero (see (|4.7[) ) and g n ||<7„a!|| — > S, in view of Lemma l4~2"lF'l 

(4-10) (X n ), (ha 7 ) -> Cfys(/)-c.,e»)«, A.(P e )- 

Therefore, by Lemma |4.1[ 

(4.11) (*«),(/*)-► E ft^sW-CojJ^^-i'. 

ee{o,i}^ 

On the other hand (see Proposition 13. 70 . lirrin^oo (-3T n ) (a*) = Pi s ° 
(4-12) E Pc( T (ss(f)-c e ,o)) f A4P e ) = P. 

Theorem 4.6. If a € A (see Lemma \4-5\ ) and S(f) ^ then the special flow T' 
is non-reversible, in fact T* is not isomorphic to its inverse. 

Proof. Take S > so that KS < 1, <7n||gna!|| — » <5 (by passing to a subsequence, if 
necessary) and 

8<mm{\C e \>0,ee{0,l} K }/{2\S(f)\). 
Suppose now that the special flow is reversible. By Proposition 13 . 71 and 13.131 
9*P = P, where 9(t,u) = (t,t- u). Using (|4.12p . since 

9 ° T(c.o) oA = T (-c,o) ° AoT c , 

we have 

e * p = ( T (-5S(/)+c e ,o))^* {Tss(f)-cX ( p c)- 

e<E{0,l} K 

Each measure of the form (T( C) o)j A*P' (with P' a probability on R) is concentrated 
on the set 

P c := {(2x + c,x) : xeR}. 
Clearly, P c n R c > = for c ^ c'. If for some e G {0, p e > and <55(/) - C e 7^ 0, 
since 6*P — P. there must exist e' € {0, 1} K such that 

p € , > and - SS(f) + C t = SS(J) - CV, 

whence 

(4.13) C e + = 2SS(f). 

Then 

4»={^T: E 1 L9*-U«»a|l,ft)( a:+ J a ) =0 for « = 1,...,^} 

= {z G T : (V0 < j < <? n )(Vl < i < Jf) x + ja $ [ft - ||g n a||,A)} 

= f| fl (T\T^[ft-|| 9n a||,ft)) =T\ (J U^'Ift-M.ft)- 

j=0 i=l 3=0 i=l 

It follows that 

l-/i(^)= M [ [j Ur-'pi-Hfeall.A)] <ifg„||g„a||, 
\ j=o i=l / 

so //(Ag) > 1 — if g„||g„a!| and therefore 

liminf^(^) > 1-K6>0. 



n We apply the lemma for fi n = HA-n, X n = Y n and C n = (qn\\qnCt\\S(f) — C e ,0) 

/ f (2q n ) Aq n )\ 
\J ac tjac J- 
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Thus po > and SS{f) - C*o = 6S(f) ^ 0, it follows from (|4TT5|l (applied to e = 0) 
that there exists e £ {0,1} K such that 

C e + Co = 2SS(f), 

whence 2 |s(/)| = ^ which yields a contradiction to the definition of 8. □ 

4.1. Non-reversibility in the afflne case. Given a special flow for which 
J x f dfi = 1, T Tn ,T qn — > Id, assume that 

with 1 1 y"o ^ 1 1 i 2 j II y*o ^" ^ 1 1 x, 2 < C- In view of Proposition I37H and Corollary 13.111 we 
have: 

f f ^ V s } f f dP(t,u,v). 

'r„+<j„>''n>'9n J R 3 '-t>'-„>'-„ 

For each (a,b,c) £ R 3 we have 

P(o,6,c)= lim /e^iWo^+'-'W+^-'W+^'-'W)^). 
Ja 

Denote #(i, u, u) = (i, i — v, t — u) and note that 

(4.14) 0*(P) = P if and only if P(o, 6, c) = P(a + 6 + c, -c, -a). 

Moreover 

P(a + b + c, -c, -b) = lim / e 2™(( a +fc+ C )/r" +9 " ) -c/r" ) -^" ) ) d/1 



( 4 - 15 ) , 

= lim / ^(«/r" + '" , wr" ) +^" i +(Hc)(/«-'oT'-/<-))) dft 

n ^°° Jx 

note that /( r "> o T«" - = /(«») o T r " - /(«•*). 
Consider now the affine case 

/(x) = x + c, P.x = a; + Q' 

with /o(a^) = £ — h an d a = [0; a\, a2, . . .]. Our aim is to get a larger set of a's than 
those resulting from Theorem 14.61 for which the special flow T* is not isomorphic 
to its inverse.. 

Proposition 4.7. If there exists a subsequence of denominators (qk n )n>l of a such 
that qk^+iWqknCtW — > K £ (1/2, 1) then T* is not isomorphic to its inverse. 

Proof. To simplify notation we will write n instead of k n . 

Suppose that is isomorphic to its inverse. In view of Corollary 13.111 and 
6H, if {f^ +1+qn \fi qn+1 \f^ ] ) -> P then P(a, b, c) = P(a + b + c, -c, -a) for 
each a,b,c £ R. We have 

f^(T^x) - f^ +l) (x) = " J2 + 9 n a) - f{T'x)) 

and, by Remark 14^41 f(y + q n a) — f(y) £ ±\\q n a\\ + Z for any y 6 T. Thus 

ti qn+l) (T«"x) - ti 9n+l) (x) = ±9„ +1 ||g„a|| + M n (x) with M n (x) £ Z. 
It follows that 

^TriU/o^+'V 9 "*)"/^"""'^)) = e ±27Tllq n+1 \\q na \\ _^ & ±2^iIk 

for each integer I. By our standing assumption, e 47 " K 7^ 1. Taking into ac- 
count (|4T5)) we obtain that 

P(o, 6, c) = P(a + 6 + c, -a, -c) = e ±27 " (b+c)K P(a, 6, c) whenever 6 + c e Z, 
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hence 

(4.16) P(l,-1,-1) = 0. 

On the other hand, the function 

_ /o C*H-0 (a;) _ f <*n) {x) = f(^) {Tqnx) _ f^) {x) 

= ±q n+ i\\q n a\\ + M n (x), 



so 



|P(1, -1,-1)|= lim f , 



= lim | e ±2iH?»+i||9»a||| = i 

This implies |P(1,— 1, — 1)| = 1 which gives rise to a contradiction to (|4.16p . □ 

Remark 4.8. Since a — P q "^['^ n G n + i (a) ( see e, S- 0)> we have 
1 1 



< g„ + i||<7„a|| < 



and 



1 + 

Therefore 



1 II II 1 

< q n+ i\\q n a\\ < 



°"+i + ^TT a^+2 + — ti+ 1 3 + 1 a " + i + ^7 a "+ 2 + ^i" 



and 

9fc„+ilkfc n a ll ->• V 2 ^ «fe„+i = a/c„+2 = 1 and afc n ,afe„ +3 -> +oo. 
The set of excluded irrational rotations £ C T in Theorem 14.71 consists of all 
irrational a for which the set of limit points of the sequence (g , n +i||9na||)n>i is 
{1/2, 1}. Therefore a £ E if and only if the set of limit points of the sequence 
(a n + a n+ i)„>i is {2, +00} and if there exists a subsequence (a,k„) n >i such that 
a-k n = afe„+i = 1 then Ofc n _i,Ofc n+ 2 -> +00. 

Remark 4.9. A natural question arises whether we could apply (|4.15[) choosing 
a sequence of pairs of denominators, say we consider qi n , q^ n , n > 1 when a is 
Liouville in the sense that the sequence of partial quotients tends to infinity. This 
approach seems to fail whenever / is of bounded variation . Indeed, 



/o feJ o T 9fe » - < ||g fc „a||Var/r" ; < g fe J|ffl„a||Var/ 

and qj- n \\qi n ct\\ — > whenever a is a Liouville number. 

5. PlECEWISE POLYNOMIAL ROOF FUNCTIONS 

Let r > 1 be an odd number and let < j3 < 1. In this section we will study 
the problem of isomorphism to the inverse for special flows built over irrational 
rotations Tx = i + aon the circle and under C r -function which are polynomials 
after restriction to intervals [0, j3) and [/3, 1). 

Let us consider a C7 r_1 -function /:¥—>• M.+ such that D r ~ 1 f is a function linear 
on both intervals [0, j3) and [j3, 1) with slopes 1 — j3 and — /3 respectively. Therefore, 
jyr—ij j s an absolutely continuous function whose derivative is equal to 

D r f = (l-p)l [Oi0) -01 [0<1) . 

Thus / restricted to each interval [0,f3) and [(3,1) is a polynomial of degree r with 
leading coefficients (1 — (3)/rl and —/3/r\ respectively. Since D r ~ 1 / is absolutely 



(«„) 
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continuous and D r f is of bounded variation, the Fourier coefficients satisfy f(n) — 
0(l/\n\-+ 1 ). ' 

If the irrational number a is slowly approximated by rationals, more precisely 
lim inf n-j-oo g^ +1_e ||g rl a|| > for some e > 0, then / is cohomologous to a constant 
function, so the special flow is isomorphic to its inverse. In this section we deal 
with rotations satisfying 

< limsup^ +1 |jg„a||. 

n— >oo 

Note that we can not expect non-reversibility of T' for any f3. Indeed, if (3 £ 
Za U (Za + 1/2) then D r ~ 1 f is cohomologous to either zero function or a function 
which is x i y 1 — x invariant. Since r — 1 is even, / is also cohomologous to either 
a constant function or a function which is x H> 1 — x invariant. In both cases is 
isomorphic to its inverse. 

The main result of this section (Theorem 15. 2[) establishes some technical condi- 
tions on a that gives non-isomorphism of to its inverse for almost every choice 
of £ T. 

Remark 5.1. In the proof of Theorem 15.21 we will use simple properties of the 
following standard difference operator. For any h > let us consider the difference 
operator 

A h : -> R^ b ~ h \ A h g(x) = g(x + h) - g(x). 

For every natural r denote by A r h : R^ a ^ -> MM- 1 "' 1 ] the r-th iteration of the 
operator A^. By induction and using (i^) + (I) = ( r t ), we have the following 
standard formula 

(5.1) Aig(x)=Y / (-l) r - k ( r j )g(x + kh) for x£[a,b-rh]. 



k=0 



Moreover, if g is a polynomial function of degree r with leading coefficient a r then 
A r h g is a constant function equal to r\a r h r . 

Theorem 5.2. Suppose that a is an irrational number for which there exists a 
subsequence of denominators (qk n )n>l such that 

(5- 2 ) Olg*.«ll->Ke (°>^i 

Then for almost every ft £ T the special flow T* is not isomorphic to its inverse. 

Proof. By Weyl's theorem (see Theorem 4.1 in [24]), for almost every f3 £ T the 
sequence ({<7fc„/3})n>i is uniformly distributed in [0, 1). It follows that there exists 
7 £ (0, 1) \ {1/2} and a subsequence (qk, ) such that {qk lrl P} — > 7- To simplify 
notation we will write n instead of ki n . Assume also that {g„a} = ||g n a||. The case 
where {q n a\ — 1 — ||<7nai|| can be treated in a similar way. 

Suppose that T* is isomorphic to its inverse. Since f(n) = 0(l/|n| r+1 ), in view 
of Corollary 3.1 in [lj, the sequence (flf™ ') n>1 is bounded in L? . Therefore, by 
passing to a further subsequence, if necessary, we can assume that 



Since D r f = (1 — /3)l[o,j8) — /3l[p,i), by the Koksma-Denjoy inequalitj^ (see |24| ^ 



|(Zr/)(9»>(x)| < ?„£>;„ (a) Var [0ll) (ir/) < 1 + 



q-n+i 



2 _D* n is the discrepancy of the sequence {0, a, . . . , (q n — l)a}. 
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The function (D r f)( qn ' takes values only in the set Z — q n (3 and {q n (3} — > 7 € (0, 1). 
Since q n /q n +i — > 0, it follows that for all n large enough (D r f)^(x) is equal to 
1 - {<7n/?} or -{g„/3} for every i£l 
Let 

A„:=T\( (J r-^[l-(r+l)^||g n a||,l]U |J T"^- (r + l)g;||g n a||,^ 
j'=o j=0 

Thus, by (ICTl . 

(5.3) »(A n ) > 1 - 2(r + l)?n9;||3na|| -> 1 - 2(r + l)/s > 1/2. 

Moreover, for every x £ A n the point and /3 do not belong to any interval 
T3[x,T (r+1 X +1 x] for all < j < q n . It follows that {D r /)(«») on [at, T^+^'a;] 
is constant and equal s — {<? n /3} for some s € {0,1}. Therefore, for every y € 
[a;, T r9 « jc] and < j < q r n we have 

so 

(D r f)« +1 \y) = E [irf)^\T^y) = q r n (s ~ {««/*})• 

Therefore, for every a; € there exists s = s(x) £ {0, 1} such that -D r (/g ) = 

1n( s ~ {in/3}) on [a;, a; + r(7^||g„a||], so /q restricted to [a;, a; + r/i], with ft, := 
g^||g„a||, is a polynomial of degree r with leading coefficient q^(s — {g„/3})/r!. In 
view of Remark 15.11 it follows that 



E(-i) r - ft Q/ (? " 1) (^ +1 ^) = E(-i) 

,r ,(<£ +I ), 



/«» \x + kh) 



= A;/ w - ] (a:) = g ;( S (aO - {g n /3})^ = (s(a:) - {g„/3})(<£ +1 |k„a||)' 
Moreover, 

k=l 



fe=l x / Z=0 



E/FV 9 " 1 *) e (-i)" +1 - , /V : 1 



1=0 k=l+l 

;=o k=i+i 
= E(-l) r "'(^/o 9 " +1) (^ 9 " + ^) = (*(») - {g„^})fe +1 |kna||) ? 
For s = 0,1 set := (s - {q n (3})(q^ +1 \\q n a\\) r and let 

K = {x£A n : E(-l) r+1 - fe ( r 1 1 )f^ +1 \ X ) = c n s }. 

k=l ^ ' 

By passing to a further subsequence, if necessary, we can assume that 
(5.4) n(A° n )^v , vt, 



r\ I r 
k) + [k- 1 
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(5.5) (f^ +1 \ . . . , f^ +1) )S^ ) -> Po, • • • , fF +1) )MAi) -> Pi 
in P(R r ) and 

(5.6) • • ■ , / te+1) )>A») -> P 2 in V(W +1 ). 
Since A„ = A° U A\, by we have 

+ fi > 1 - 2(r + 1)« > 1/2. 
Set ^2 •= 1 — — v\. Let us consider the following maps: 
9 : R r+1 — > R r+1 , (9(xo, xi, . . . , x r ) = (xq, xo — x r , . . . ,xq — xi) 

A : R r — > R r+1 , A(x 1) x 2 ,...,x r )= ^(-l)* +1 ^ 1 ^ a!fc ,s 1 ,...,a: r J , 

i? c :R r+1 -^R' r+1 , R c (x ,xi,...,x r ) = (x + c, xi, . . . , x r ), 

£? c : R r — !> R' r , S c (x l! ...,x r )= ^(-l) fe+1 ^ 1 ^x )fe -x r . +1 _ i +c^ . 

Then 

(5.7) 6»oi? c oA = i?_ c oyloB c . 

Indeed, equation (|5.7[) is valid directly for last r coordinates. The zero coordinate 
of the LHS of dSHJ) is 

LHSo ^pi-^^l^k + c. 
The zero coordinate of the RHS of (|5.7[) is 

RHSo := -c + E(-l)' +1 ( r 1 ') (B- 1 )"^ l 1 )^ - Xr+1 - 1 + C ) ' 
Since r is odd, 

E(-l)' +1 f 7 " ) = E(-l) i+1 f r + 1 ) + 2 = -(l- 1)" +1 + 2 = 2, 



;=i v 7 z=o 

thus 



RHSo = -c + 2c + 2 E(-l) fc+1 ( r Xfc " 1 

= c+^(-l) fc+1 (' r + 1 )x fc =LHSo, 



fc=i 

which completes the proof of (|5.7[) 
Since 



by the definitions of maps A, R c and the set A s n: it follows that for any x € A^ and 
s = 0, 1 we have 

. . . , /o^ 1 ^)) = o ^(/^ +i) (x), . . . , /^ +i) (x)). 



NON-REVERSIBILITY FOR ERGODIC FLOWS 



27 



Since additionally c™ — > (s — j)k t as n — > oo for s = 0, 1, by Lemmas 14.11 14.21 14.31 
and combined with (|5.4[) . (|5.5|) . (|5.6p . we have 

-> • (P_ 7K r)*A,,(Po) + i/i • (i? ( i_ 7)K --)*^*(A) + ^2 • Pa- 

Therefore, 

(5.8) P = U Q ■ {R_ 1R r)*A*{P ) + VX • (i? (1 _ 7)K .)*A(Pl) + V2 ■ Pa- 

As is isomorphic to its inverse, by Corollarv l3.121 0*(P) = P. In view of (|5.7[) . 
it follows that the measure P is equal to 

(5.9) iyoiR 1K r)U,(B^ K r),(P ) + iy 1 -(R_ {1 _ l)Kr ),A4B il _ l)Kr ),{P 1 ) + i' 2 -6,{P 2 ). 
Since + ^i > 1/2 and (|5.8|l and (|5.9p hold, we have 

P(i?- 7 ^ ° ^(K r ) U i? (1 _7)«" ^0*0) > 1/2, 
! "'"" P(V^(« r )UE_ (1 _ 7)sr oA(l r )) > 1/2. 

As 7 ^ 0, 1/2, the sets {— 7K r , (1 — 7)K r } and {7K r , — (1 — 7)« r } are disjoint. Hence 
the sets i?_ 7K >- o A(K r ) U P(i_ 7 )«r o ^(R r ) and i? 7K ,- o ^(R r ) U P_ (1 _ 7 ) K ,- o A(R r ) 
are disjoint, contrary to (|5.10p . This completes the proof of non-isomorphism of T* 
and its inverse. □ 

6. Analytic flows on T 2 

6.1. Non- reversibility. Let us recall that that analytic special flows over irra- 
tional rotations are precisely analytic reparametrizations of two-dimensional rota- 
tions and that (in case of ergodicity) they have simple spectra [J], so if they are 
isomorphic to their inverses, they are automatically reversible. 

The aim of this section is to provide analytic examples that are not reversible. 
For this aim we briefly recall the AACCFF^ constructions [23 (see also [5S] for some 
modifications) . 

An AACCP is given by a collection of the following parameters: a sequence 
(Mk)k>i C N together with an infinite real matrix ((dki, ■ • ■ , dkM k ))k>i satisfying 
for each k > 1 

»=i 

Set Dk — max{|dfei| : i = 1, . . . , M^}. Then we select a sequence (sk) k >i of positive 
real numbers so that 

^2 v^kMk < +oo, gfe < i, < k = 1,2, .... 

k=l k=l k 

Finally, the completing parameter of the AACCP is a real number A > 1 . 

The above AACCP is said to be realized over an irrational number a € [0, 1) 
having the continued fraction expansion 

a = [0; 01, a 2 , ■ ■ ■} 

if there exists a strictly increasing sequence (nk)k>i C N such that for each k > 1 
we have 

. 9 an, DkM k 1 

02n fc + l > 2, A < -r, 

0.2n k + iq2n k 2 K 



^The acronym comes from "almost analytic cocycle construction procedure". 
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where N k is the degree of a real non-negative trigonometric polynomial P k satisfying 

/ P k (t) dt = 1 and P k (t) < e k for t e (%/2, 1), 
Jo 

where we require the numbers rjk > to satisfy 

&k 1 1 

4M fc ?7 fc < and < -i] k . 

Q2n k a 2 n k + iq2n k * 

Recall now that 

( 2 n k = { [0, {q 2nh a}) ,T[Q, {Q2n k a}) , . . . , T^+^ x [0, {q 2nk a}) } 

and 

(2n k = { [{l2n h +ia}, l) , T [{?2n k +ia}, l) , • • • , T q2n k [{g 2 „ fc+1 Q!}, l) j 

are two disjoint Rokhlin towers fulfilling the whole interval [0, 1). It follows that if 
we set 

h ■= [0,{a 2 n k +iq2n k a}), J k t := T^ 1 ^ [0, {q 2 n k a}), for t = 1, . . . , a 2nk +i, 
then 

Q 2"fc + 1 

4= (J J * 

t=i 

and /fc is the base of a Rokhlin tower of height q2n k occupying at least 1 — a ^ 2 — 
of the space. 

Using the above parameters for a over which the AACCP can be realized, one 
defines a real valued cocycle 

fe=l 

as follows. In I k we choose consecutively intervals Wk,i, ■ ■ ■ , Wk,M k of the same 
length Afe € (^,2%), each of which consists of (the same) odd number e k > 3 of 
(consecutive) intervals J t fc . In general, the intervals iw^j and u>fe,i+i can be separated 
by a certain number of intervals of the form J k . Denote by J* k . the middle interval 
J t fc in Wk,i- Then we set 



r 1 otherwise. 



dfci if x G J s * . 



Note that Ik+i C J* , so the supports of fc > 1 are pairwise disjoint. 
The following two results have been proved in |23| . 

Proposition 6.1. The set of a G [0, 1) over which an AACCP can be realized is 
residual. 

Proposition 6.2. The cocycle if defined above is cohomologous to an analytic 
cocycle. 

Moreover, we will also make use of the following observation from [23J. 

Lemma 6.3. For an arbitrary AACCP and a over which it is realized, the cocycle 
ip is constant on each interval T l I k , i = 1,... , q 2nie — 1, k > 1. Moreover, for each 
k > 1 



(6.1) £ * 



i 



i=l 
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We now proceed to our special construction. We assume that 

M k = AM' k -> oo. 

Moreover, we assume that 

(6.2) a 2nk +i = e k M k 

with e k > 3 odd, k > 1 and 

k-l 

(6.3) 



for a constant C\ > 0. The intervals w kl i are then defined as consecutive unions 
of e k (consecutive) subintervals of the form j/\ Fix to,u G R. For each fc > 1 we 
then set 

(6.4) (dfci) = ( fa, «Q) -MQ) -to), ■ ^ , ftp, up, -mq, -*()) )• 

Mi times 

Proceeding as in [28] and using (|6.ip . by construction, we have 



k—i 

= V Mi < d 



(6.5) 
(6-6) 



in measure, 



so 

(6.7) 



) * 4 ( <S ( f o+ u o,to) + <Wo) + 5 (-u -t ,-u ) + fy) -to)) 
(y 2 e^ 2 „J ^(e^.)^ 1 (^ o+Uoito) + ( J (0)Uo) +«5 ( _„ o _ to> _„ 0) +£ (0 ,_ to) ) 



Moreover, 
(6.8) 



{efeg2n fc a} when k -t oo. 



We now proceed similarly as in [58] and notice that if we set C := |io| + |tto| then 
for each k > 1 we have 



(6.9) 



V k 



< c. 



Since the support of X^>fc+i fi ^ s included in I k +i and for each x € [0, 1), 
#({x,Tx,...,T e ^x}nl k+1 ) < 1, 

we also have 

(efc<22n t ) 



(6.10) 



£ ft 

i>fc+l 



< c. 



Finally, for i = 1, . . . ,k — lwe have ^ = on I k , so in view of (|6.ip . ip) ekq2T>k ^ = 
except for the set 

<?2n fc -l efc(j2„ fc -l 

[0,1) \ |J T'J fc and |J Tlj* 2nk+i _ ek . 
j=o j=o 

Moreover, by (|6.ip . for every igT and m > 0, i > 1 we have 



i=i 
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In view of (|6.2p and (|6.3p , it follows that 

ft— 1 , * fc-i ft— 1 



(5» 2 <C^M r M({x€[0,l): (5>«) (x)^0|) 

i— 1 i— 1 i—1 

fc-i / o \ 1/2 1 fc_1 

< C V Mi I + — 1 < 2C^= V M, < const. 



i=1 \a2n fc +i a 2nk +i, 
This together with and (|6TT0|l implies 



i=i 



(6.11) 



y,(e fc ga„ fc ) 



< const. 

2 



The cocycle y> is clearly bounded (and of zero mean) and by Proposition 16.21 it is 
cohomologous to an analytic function /o : T — s- K (of zero mean) . Then for each 
sufficiently large constant d > we have 

^ + d>0, f:=f o + d>0 

and moreover the special flows T v+d and are isomorphic. In view of (|6.8p , (|6.1ip , 
Proposition 13 . 71 and (|6.7p we obtain that for some constant c > (c = J x f d/i) 

(6,12) n v+d ^-(n v+d +n'- p+d +u ip+d +ii v+d 

2cc fc<J2re fc ' ce k12n k <±\ t +u ' t ' "0 -«4Q-t ' ~"0 

bmce T v+<i and are isomorphic and (|6TT2")> holds, 
(6.13) 

/ if f f f 

^Tl ,T* ~~* AVT t ' ,T t f + fJ ' Id , T f + V T f rpf +» JdT f 

Now, the limit measure 

P : = 4 0*(to+«o,to) + 5 (0,uo) + ^(-uo-to ,-«o) + ^(0 -to)) 



lim (/ (2 — >) fo) 

fc— >oo \ / * 



is not "symmetric" in the sense that (0, uq) is its atom, while (0, — uq) is not provided 
that Mo ^ and to 7^ i^o and therefore under these additional assumptions, by 
Corollarv l3.13l is not reversible. In this way we have proved the following result. 

Corollary 6.4. There is an analytic weakly mixing flow on T 2 (preserving a smooth 
measure) that is not reversible. 

Remark 6.5. If instead of / (constructed above) we consider f £ := 1 + ef for 
small enough e > then the corresponding special flow T^ e can be interpreted as 
arbitrarily small analytic change of time in the linear flow by (a, 1) on T 2 . 
Now, note that (/ e ) = e/o- Hence 

((/e) 2efc92 " fc \(/e)^^ 

where M £ (x,y) = (ex,ey). It follows that P £ has the same asymmetries as P and 
therefore T$ E is not reversible. Therefore, for some a irrational there are arbitrarily 
small analytic changes of time in the linear flow by (a, 1) on T 2 which yield weakly 
mixing and non-reversible flows. 

Remark 6.6. If in (|6.4p . for each k > 1, we consider the following pattern 
(6.14) 

(dki) 

{ (a, b, c, b, &),... , (a, &, c, &, 6), (—a, —b, — c, —b, —b), . . . , (—a, —6, — c, —b, —b ) 

Vv * ' S v 

M' k /2 times Mi/2 times 
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then 
and 

We have 

P = J^(j>(a+bM) + 3(b+c,b) + $(b+c,c) + 3{2b,b) + $(a+b,b) 

+ ^(-(a+6),-fe) + ^(-(6+c),-fe) + ^(-(6+c),-c) + ^(-26,b) + <5(-(a+b),-6)) 

and 

Q = Yq (^(a+b+c,a+6,a) + <5(2b+c,b+c,b) + ^(2b+c,b+c,c) + <5(a+2b,2b,b) + <5(a+2b,a+b,b) 
+ ^(-(o+6+c),-(n+6),-6) + ^(-(26+c),-(6+c),-6) + ^(-(26+c),-(6+c),-c) 
+ <5(-(a+2b,-2b,b) + <5(-(a+2b) (a+b) ,-b) ) ■ 

It follows that P is invariant under the map (a;, y) t— > (x,x — y) and therefore 
we cannot apply Corollary 13. 131 but Q is not invariant under the map (x, y, z) H > 
(x,x — z,x — y), so by Corollary 13. 121 the resulting flow is not reversible. 

Note however that Corollarv l3.13l is sufficient for non-reversibility of T$ if instead 
of (2e k q 2nkl e k q 2nk ) we consider (Ae k q 2 „ k , 2efcg 2 „J. 

Problem. When T = (T t ) tS R is weakly mixing then the method of showing non- 
isomorphism of T and its inverse passes to non-trivial factors (see Remark 13. 10(1 . 
Since all flows non-isomorphic to their inverses considered in the paper are are 
weakly mixing, in fact, their non-trivial factors are also non-isomorphic to their 
inverses. A natural question arises if whenever the weak closure joining method 
applies, T is disjoint with its inverse. 

6.2. Absence of rational self-similarities. In this section we will show that the 
construction presented in Section 16.11 can be easily modified so that we obtain an 
analytic weakly mixing flow on T 2 such that no rational number is its scale of self- 
similarity (in particular, it is not reversible). It remains an open question whether 
irrational numbers can be scales of self-similarity for analytic flows (preserving 
smooth measure j3 011 TT 2 . 

We will now recall a result which will ensure that a rational number is not a 
scale of self-similarity of an ergodic flow. 

Proposition 6.7 (|28J). Let T = (Tt)teR an d S — (St) ten. be flows on (X,B,/j.) 
and (Y, C,v) respectively. Assume additionally that T is weakly mixing and S is 
ergodic. Moreover, suppose that for a sequence (t k ) C M. with t k — > oo 

MT tfc -s- / MT_ t dP(t) and v s I v s _ t dQ(t). 

JR JR 

If P =/= Q then the flows T and S are disjoint in the sense of Furstenberg. 

Notice that when T and S are disjoint, then for each r£l* the flows Tor and 
S o r are also disjoint (indeed, J(T, S) = J(T ° r, S o r)). Therefore, the following 
result holds. 



^In 1251 it is shown that on on each compact orientable surface of genus at least 2 there 
is a smooth (non-singular) non-self-similar flow. It is unknown whether these constructions are 
non-reversible. It is also unknown whether a smooth non-self-similar flow can be constructed on 
T 2 . 
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Corollary 6.8. Let a,b GN. Assume that T = (T t )teR is a weakly mixing flow on 
(X, B, /i). Assume also that for some tk — > oo 

Mr otfe -> / A^T_ at dP(t) and fp IUh -> / n T _ bt dQ(t). 

for some probability measures P and Q on R. If P =/= Q then T _L T o (b/a). 

We will now show what sequence of numbers (dki) to use in the construction of 
a weakly mixing non-reversible analytic flow (preserving a smooth measure) on T 2 
instead of the one in (|6.4I) to fulfill, for each natural a < b, the assumptions of the 
above corollary. To this end we partition N = N_i.i U a <6a beN^a-fc so ^ na ^ ^-1.1 
and each set N a .b is infinite. For k € N_i 1 we repeat the construction described in 
Section lOTTl so that the resulting flow will not be reversible. 

Take (a, ft) e N 2 . By reversing the roles of a and b, we may assume that a < b. 
We will consider only k £ N a ,b- Assume that = bM' k and set 

V v ' 

b— 1 times 

M' k times 

It follows that for the analytic flow T = (Tt)teB on ^ 2 constructed in such a way 
as in Section 16.11 we have (with c = J x f dfx) 



and 




In view of Corollarv l6.8l this yields T -1 To (a/b) for arbitrary natural a < b. Since 
-1 ^ I(T) and I(T) is a multiplicative subgroup of E*, we have Q n J(T) = {1}. 
Hence, we have proved the following result. 

Corollary 6.9. There is an analytic weakly mixing flow (preserving a smooth mea- 
sure) on T 2 that is not reversible and such that no rational number is its scale of 
self- similarity. 



7. Non-reversible Chacon's type automorphisms 
The following result was essentially proved in [39] 

Proposition 7.1. Assume that T is an ergodic automorphism on (X,B,fi). As- 
sume also that 

[i^i qn Tq n — > / Ht-<> T- b dP(a, b) 

for some probability measure P onTr. If the measure P is not invariant under 
0(a, b) — (a,a — b) then T is not isomorphic to its inverse. In particular, T is not 
reversible. 



15 Formally, in 1391 different sequences are considered and two limit joinings (not of the above 
form) are considered, but the essence of the argument is the same. Proposition 17.11 is a natural 
automorphism counterpart of Proposition 13.131 
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In this section we consider some rank one automorphisms in construction of 
which along a subsequence we repeat a Chacon's type construction [T7]; we will 
obtain non-reversible rank one automorphisms. 

Recall briefly a rank one construction (see e.g. [30] ) - For a sequence of positive 
integers (r n ) n£ N with all r n > 2 and (s$™\ . . . ,Sr"^)neN with all non-negative 
integers we define a rank-one transformation by giving an increasing sequence of 
Rokhlin towers (C n )„gN such that each C n consists of q n pairwise disjoint intervals 
of the same length (each such interval is called a level of C n ). More precisely, 
Cn = {C„.i, C n ,2, ■ ■ ■ , Cn,g„}, the dynamics T is defined on U|2j C n ,i so that T 
sends linearly C n j to C n ,j+i for j = 1, . . . , q n — 1. The tower C„+i is obtained first 
by cutting C n into r n subcolumns, say C n (i), 1 < i < r n , of equal width, placing 
s$ spacers over each subcolumn C n {i) and finally stacking each subcolumn C n (i) 
on the top of C n (i + 1) for 1 < i < r n in order to complete the definition of 
C n +\. The tower C„+i has the height q n +i = r n q n + J2l'=i s i™''- The ordering of 
levels in C n +i is lexicographical from the left to the right. The dynamics T on 
U?=i 1_ Cn+i.i is completed by sending linearly C n +i, qn to the first spacer over 
the first subcolumn C n (l), sending this spacer to the one above it, etc., and when 
reaching the top spacer we send it to C n +i )9n +i. We keep going the same procedure 
for the remaining columns and stop at the top spacer over C n (r n ). In this way we 
obtain a measure-preserving transformation T defined on a standard Borel space 
(X, B, /i) although, in general, fi is only er-finite. Provided that the number of 
spacers is not too large [3D] , \i can be assumed (and this is our tacit standing 
assumption) to be a probability measure. 

We will now describe the details of our particular rank-one construction. Fix 
an even positive integer r > 4 and an increasing sequence (nk)keN- Suppose that 
r nk = r and r nk+ \ — > oc0 and in the construction we place one spacer over C nk (i) 
for r/2 + 1 < i < r and over C nk +i{i) for [r„ fc+ i/2] + 1 < i < r rik+ i. 



Theorem 7.2. Under the above assumptions the constructed rank-one automor- 
phism T is not reversible. 

Proof. We claim that 

Ai T 2„„ fc Ttnh -> / nr-a x-b dP(a,b), 

where 

(7.1) ^(1,0) = i, P(0(l,O)) = P(l,l) = i 

Once we have shown this, the claim will follow by Proposition 17.11 Since every 
measurable set can be approximated by unions of levels of sufficiently high towers, 
it suffices to show that 



M T 2 5 „ fc r. T ,„ fcr (A[l] x A[2] x A[3]) ->• / nr-a T -"(^[l] x ^[2] x A[3]) dP(a,b), 

for A[l), A[2], A[3] being single levels of the tower Ck for arbitrarily large fco € N 
and the measure P satisfies (|7.1[) . Since the towers are arbitrarily high, the levels 
A[l], A[2], A[3] can be assumed not to be any of the first 3 bottom levels. Fix 
k £ N and let A[l], A[2], A[3] be single levels of the tower C„ fc . Without loss of 



The assumption on the spacers over the subcolumns Cn^+i(^) for ^71^^1/2^ -1-1 ^ i ^ Vn k ~^i 
at step n k + 1 of the construction yields some form of "rigidity". This condition can be modified. 
What is important, is that we prevent the image of a single level of tower Cn k under T rq ™k from 
being "too scattered". 
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= T~ 2 A e 















FIGURE 1. Illustration of the proof in the case r = 4, s = 6. 

generality we may assume that C„ fcQ is at least of height 4. For each k > ko the 
sets A[l], A[2} } A[3] become finite disjoint unions of levels of tower C„ fc : 

(7.2) = |J A™ [1, 1], A[2] = (J A^ [2, 1], A[3] = (J A« [3, 1} 

i=i i=i i=i 

for some Zfe > 1. Moreover, 

for any 1 < I < I' < Ik there are at least 3 levels 
of tower C„ fc between A ( " fc) [i, Z] and A {nk) [t, I'} for i = 1,2, 3. 

Let e > 0. We claim that for k > ko sufficiently large and for A^ being a level 
of tower C nk which is not one of the first 3 levels we have 



\Xrplrq 



(7.4) 



^T 2rqn k 

^T 2rqn k 

H T 2rq nk 



T rqn k 
T rqn k 
T rqn k 

.T rqn k {^-^ 



T rqn k 



(A {k 



x AW x AW) - r —n(A^) <ev(A^). 
x A™ x TA™) - Y r ^ A(k) ) \ < £ M(^ (fe) ), 
x A<*> x T 2 A^) - Y r ^ A(k) ) | < £ ^ k) ), 
x TAW x TAW) - < ep(A< fc >), 



x TAW x T*AW) - V —^ii(AM) < E/J (#)), 



2r 

T 2 A (k) x T 3 A ( fc) ^ _ JL^CO) < e^(A^). 
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[*%ti]+l<,'Sr. i+ i-l 

|J r*-.4»j=r-'A« +1 
i<i<[^±i] 

[^|±i]+l<J< r „, + ,-l 



FIGURE 2. A part of Figure Q] magnified. 

The proof of all of these inequalities goes along the same lines, we will prove only 
the fifth of them, i.e. 

r-3 



(7.5) 



fx T , rqnk n (A™ x TA^ x T 2 A^) 



2r 



H(A^) <e f i(A^) 
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(the proof of (j7.5[) contains all elements of the proofs of the other inequalities 
in (|7.4|l ). To make the notation simpler we will write C for the tower C nk and we 
will also change the notation for the subcolumns. Now, tower C nk is cut into r 
subcolumns of equal width, denoted from left to right by C l , 1 < i < r, with one 
spacer placed spacer over subcolumns C % for r/2 + 1 < i < r. Then each of C l is cut 
into s subcolumns of equal width, denoted from left to right by C lJ , 1 < j < r rlk+ i, 
with one spacer placed over subcolumns C rj for [ "I" 1 " 1 ] + 1 < j < fn fc +i- Let 

A (k) ._ A (k) n C i Jk) A ( k ) n C i,j 

<■ i :J 



for 1 < i < r and 1 < j < r nk+ \. 
Notice that we have 



(7.6) 

and 

(7.7) 

Moreover 



T q nkA 

T qn kA 



(AO _ A (k) 



for 1 < i < r/2, 



(k) 



T^Af^ for r/2 + 1 < i < r - 1 



T<»- A [k ) = T~ 1 A[ k ^ J+1 for 1 < j < 



r,3 

T q ^A [k) 

r,3 



r nk +i 



T- 2 A^ +1 for 



<n k +l 



+ 1 < i < r n „- 



(7.8) ,(#)\( (j A (fc) u |J 45))=M41 fc+1 ) : 



Ki<r-1 



1<J<TW+1-1 



We also have 
(7.9) 

and 
(7.10) 
and 
(7.11) 

Moreover 



t^a^ = a^ +2 



T 2q nk A {k) 
1 A l,r/2 



rp-1 A(k) 

1 I± l,r/2+2' 



for 1 < i < r/2 - 1, 
T 2q ^A {k ] = T- 2 A { ^ 0+2 for r/2 + 1 < j < r - 2 

r a «-*4-i,i = T_2 43+i for l < j < 
r 2 *»»4-u = T ~ 8 4 fc i+i fOT 



+ 1 < J < r nfc+ i - 1 



T 2 9 „ fc A w = r- x 45+i for 1< 7 < 



T 2 ^4 fe ] = T- 2 4 fc ] +1 for 



J 

r n k + l 



r n k +l 



1 < j < r„ k+ i - 1. 



(7.12) fi | A« \ ( |J A {k) U |J 4\, U 

l l<j<r-2 l<i<r„. + i-l 



(fc) 

l<i<r„ fc + 1 -l 



= M(4\^ + 0+-"(41 fe+1 

Using all of the eqs. (|7.5t ). (7.7) and (7^8) we obtain 



U 4 



(7.13) 



j r 9 " fc A^ \ [j T- p2 A^ j < — - — /j, (a^A 

V P2G{0,1,2} / rr »fe+ 2 
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and using eqs. (7.9) to ( 7.121 ) 



(7.14) n I T 2q ^A^ \ |J T-p^A^ j < — ^ — /i (v4W) . 



p 3 e{0,l,2,3} 

We will show now that (|7.5p is true. We have 

^(fc) p TT q nkA {k) p T 2 T 2rq nkA (k) 
(*) / .ffcl _ /II 



u |J 43 J) nr 2 r 2 H#) 

l<i<r-l l<J<r„ fc + i-l 

GU,iE),(E3 / | | „(fe) 



n 



|J 4^u |J 43 +1 J n T 2 r 2 «» t #» 

r/2+l< 4 <r-l l<j<[""* +1 ] 

( U u 43 +1 ; 



r/2+l<i<r-l 



1<3< 



t 2 t 2 ^( |J 4 fc) u |J 4*J 1J u u 43) 

l<i<r-2 l<j<r„ fe+ i-l l<j<r„ fc+1 -l 

( U U 4* 

r/2+l<<<r-l l<j<[ r "| +1 ] 



n 



( U 4> u 43+i 



u 



u 



r/2+l<i<r— 2 



A 2,j+1 ) 



1<3< 



+l<3<r„ fe+1 -l 



U 4 &) u u ^, 



r/2+3<i<r 



2<J< 



+ 1 



where (*) and (**) hold up to a set of measure rr 1 +2 ^{A^) and rr 2 +2 ^{^ k ^)-, 
respectively. Therefore up to an error of absolute value at most — - — /j,(A^) 

rTn k+ 2 

/i T 2,„ fc T ,„ fc (A (fc) x TA {k) x T 2 A {k) ^j = n (T- 2q ^A {k) n T~ q ^ +1 A {k) n T 2 A (fc) ) 
= jtx n TT q ^ A {k) n r 2 T 2 9 „ fc 



U 4 fc) u U 43 



yr/2+3<i<r 2 < i <[^i±i] +1 



r ~ r /2 - 3 + 1 • + [ ^ ]+1 - 2 + 1 • ,(^)) 



^n fc +2 



r - 4 
2r 



r -^KA {k) ), 



2 \ r n k +l 



rr nk +2 



2r 



Tlfc + 1 J 



i.e. (|7.5p indeed holds. In a similar way, all of the inequalities (17. 4p hold. We 
obtain 

AV- fc , T ^. (A[l]xTA[l]xT 2 A[l]) 
r- 3 



2r 



-Hr-i^-i (A[l] x TA[1] x T 2 A[1]) 
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ED 



Ik 



Ik 



M^-* (( U Aik) [i. a) >< ( U T ^ (fe) [i. q) >< ( U T2 ^ (fe) [l ? 0) 
/=i /=i 1=1 

r %t- 2> t- 1 ((U a<*> [i, q) x ([J taw [i, q) x ([J t 2 ,4« [i, q)) 



2r 



1=1 



1=1 



1=1 



<J2\fi T 2 qnk Tqnk (aW[1,1] xT#'[1,I]xT 2 #'[1,1] 
r -i (a^[1,1] x Ti4^[l,Z] x T 2 A«[l,i 



r-3 
"~2r 



- £ ^ /v^ T? „ fc (^ fc > [1, /] x TA« [1, l'] x T 2 A« [1, Z"] 



i=i i<i'.i"<i k 

#{M'/'}>1 

r-3 



+ E E ^',t-<AW [1, q x TA« [1, Z'] x T 2 i« [1, 1"}) 



1=1 l<l',l"<l k 
#{l,l',l"}>i 



= J2 |/V- fe ,t*>* ( A(k) I 1 . ? ] x T ^ (?C) [Ml * r2 ^ (fe) I 1 . '] 

^ T 2 A {k) ^ q n T 2 A (fc) k q n T 2 A ( fc ) ^ q 



r-3 



£ ^ AV- fciT «»* (^4 (fe) [l,/] x T^W[l,n x T 2 A«[1,Z"] 



i=i i<i'.i"<i k 

#{M',Z"}>1 

r-3 



+ £ Jr 2 i' ! )[i,;]nT 2 A«[i ) i']nT 2 #)[i,f'] 



i=i i<v,i"<i k 

#{U'/'}>1 



Ik 



= ^ l/v^ T ,„ fc (a« [i, q x ta« [i, q x t 2 a^ [i, q) - ^/i(^ fe > [i, q) 



+ E E ^T 2qn k t T" n k 

1=1 l<l'.l"<l k 
#{u',i"}>l 

^E^^n,/ 



{A {h) [l,l] x TA( fe )[l,/'] x T 2 A«[1,I"]) 



E A*r>«»* ,t«-» ( aW M x TA(fc) t 1 ' '] x r2A(fc) I 1 ' *'1 
i=i i<i"<i k 

J2 E /V«**,t«** (^M x T^[l,n x T 2 A«[1,Z]) 



i=l l<l'<Z t 

h 



i=i i<i',i"<h 
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= m{A[i\) 
ik 

+ £ f i(r- 2q ^A^[i,i}r\T- q ^TA^[i,i}nT 2 A^[i,i'']J 
1=1 i<i"<i k 

+ J2 J2 ^{T- 2q ^A^[l,l]^T~ q ^TA^[l^']C\T 2 A^[l,l]\ 
1=1 i<i'<i k 

i k 

+ J2 J2 ^{T' 2qn "A^[lJ}nT- q ^TA^[l,l'}nT 2 A^[l,l"} 
1=1 \<i',l"<l k 

h 

<en(A[i]) + J2 J2 Mr 2 H#)[l,i]nT 2 #)[l,i" 
1=1 l<l"<l k 

+ 2^ ^[T' 2qn "A^[l,l]nT-' 1 ^TA^[l,l']j 

i=i i<i'<i k 
i'^i 

= en(A[l]) + J2 J2 fJ-(A^[l,l}nT 2q ^T 2 A^[l,l' r 
i=i i<i"<i k 

h / x 

+ 2J2 J2 ^(A (k) ^J]^T q ^TA^[l,l']j 

i=i i<l'<l h 
i'^i 

= ev(A[l}) + J2 ^(A^[l,l]nT 2q ^T 2 A^[l,l"} 

i"=i i<i<h 
ijki" 

+ 2J2 J2 n(A {k) [l,l]C}T q ^TA {k \l,l']} 
i'=i i<i<i k 

lk 

= en(A[l})+ J2 M U A {k) [l,l]}C\T 2q -*T 2 A {k) [l, 

i"=i i<i<i k 
i^i" 

h 

+ 2j2m U A(fe) IM) nT q ^TA {k) [l,l'}^ 



1=1 l<l<l k 
Ijil' 



7AAI . 17731 2 1 

< ' e^A[l]) + £ ^ [1, 1"]) + 2 ]T v(A {k) [1,1'}) 

4 



rr nk +2 



H(A[1]). 
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Hence 

» T 2« nk ^n k (A[l]xTA[l]xT 2 A[l}) 

(7.15) r _ q / \ r Q 

H- -^r»T-i,T-i(A[l} x TA[1] x T 2 A[1]) = — 

In a similar way 

(A[l] x A[l] x 

(7.16) r _2 r-2 

-»• — /i 7l/ (A[l] x x A[l]) = — (A[l]) , 

fh^n k>Tl n k (A[l}xA[l}xTA[l\) 

-+ IrMr-^T-i (A[l] x A[l] x TA[1]) = l/x (A[l]) , 

fJ"-p2qn k rpq nf , (A[l] x A[l] x T 2 A[1}) 

(7.18) 1 i 

_> -Mt-.t- (A[l] x x T 2 A[l]) = —fj, (A[l\) , 

^ T 2,„ fciT ,„ fc (A[l] x TA[1] x TA[1]) 

-+ \vt-\i x TA[1] x TA[1}) = 1/i (A[l]) , 

/V^ T ,„ fc [A[l] x T 2 A[l] x T 3 A[1}) 
(7.20) i i 

^:/^-»,T- (41] x T 2 A[1] x T 3 A[1]) = -/x (A[l]) . 

Let I = {(0, 0), (0, 1), (0, 2), (1, 1), (1, 2), (2, 3)} . Since 

r-3 r-l 1 1 1 1 , 
2r + 2r + 27 + 27 + r + 27 ~ ' 

we have 

/V«»* ,r«»* ( U A M x x I ^ ^ ' 

\(P2,P3)€J / 

Notice that for (p' 2 ,p' 3 ) £ I such that T^A[l] and T p 3A[l] are levels of tower C nkQ 
A[l] x T p 'zA[l] x T p '*A[l] c A[l] x \J T P2 A[1] x T P3 A[1] 

\(P2,P3)€J 

Therefore 

/V«»»,t«»* (A[l]xT>6A[l]xT**A[l]) 

< ,t«»* (^M x ( U TPM W x r p M[i]' 

(7^1) (P2,pa)e/ 

= M (A[l])- Mr2 ,„ fciT ,„ (k (^[l]x ( |J T»A[l]xT»A[l])) 

^ M (A[1])- M (41])=0. 

Let now 

r — 2 1 1 1 r — 3 1 

p = -^r<W) + ^r^i.i) + 2^*(2,2) + -*(i,o) + -^-*(2,i) + 2^(3,i)- 
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Notice that for (p' 2 ,p' a ) g I such that T p '^A[l], T^A[1] are levels of tower C„ ko we 
have 

(7.22) J v T -a T - b (A[l] x TP*A[l] x T^A[1]) dP(a,b) = 0. 



Using eqs. (|7.15f ) to (17.221 ) we obtain 



MT2 ,„ fc T „„ fc (A[l\ x A[2] x A[S\) ->• / /iy-a T -*(A[1] x A [2] x A [3]) dP(a,b). 

This implies (]7.1[) and the claim follows. □ 

Remark 7.3. In the same way, one can show that some rank one flows are not 
reversible. The construction of such flows is similar to the rank one automorphisms 
considered in the above theorem. They are also determined by a sequence of integers 
(^n)neN which denote the number of subcolumns at each step of the construction. 
Now, the role of spacers is played by rectangles placed above the subcolumns. 
The additional assumption in the "flow version" of our theorem is that along the 
subsequence (rik) the rectangles are of fixed height and at steps nk,nk + l the are 
placed over the same subcolumns as in Theorem 17.21 

Remark 7.4. A similar method can be used to show non-reversibility of the clas- 
sical Chacon's automorphism, i.e. the rank one automorphism which can be con- 
structed as described in the beginning of this section, dividing the column at each 
step of the construction into three subcolumns and placing a spacer above the mid- 
dle one. More precisely, to show that this automorphism is not reversible, one can 
use the "automorphism counterpart" of Corollary 13.121 



8. Topological self-similarities of special flows 

In this section we will deal with topological self-similarities of continuous flows 
T = (Ti)tgR on a compact metric spaces. For each such flow denote by Itop{T) the 
subgroup of all s g R* such that the flows T and T ° s are topologically conjugate. 
If Itop(T) { — 1,1} then the flows T is called topologically self-similar. More 
precisely we will deal with continuous time changes of minimal linear flows on the 
two torus. Each such flow is topologically conjugate the special flow build over 
an irrational rotation Tx = i + aon the circle and under a continuous roof function 
/ : T^R+. 

We will show that if T$ is topologically self-similar then a must be a quadratic 
irrational and / is topologically cohomological to a constant function. It follows that 
if a continuous time change of a minimal linear flow on the two torus is topologically 
self-similar then it is topologically conjugate to a minimal linear flows on the two 
torus. 

Let (X, d) be a compact connected topological manifold. Denote by X the 
universal covering space of X and let it' : X — > X be the covering map. Denote by 
the deck transformation group of the covering n' : X —> X, i.e. 9 is the group of 
homeomorphisms 8 : X — > X such that ir'o9 = tt' . Then O is countable (isomorphic 
to the fundamental group of X) and it acts in the properly discontinuous way, that 
is, for each x G X there exists an open V 3 x such that 9(V) n V — whenever 
Id 9 G G. In what follows we need the following simple observation. 

Lemma 8.1. Assume that Z is a topological space and let G be a countable group 
(considered with the discrete topology). Assume that G acts on Z as homeomor- 
phisms in the properly discontinuous way. Assume moreover that $ : R — > G and 
that 

l9ti-> $(i)z € Z 
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is continuous for each z £ Z. Then $ is continuous, hence constant. 

Proof. Fix to £ R and z £ Z. Select an open V 9 z, so that gV H F = whenever 
1 7^ g £ G. By the continuity assumption, there is an open interval W 3 to such 
that $(f)(z) € $(io)(V) for f € W. Thus $(*) = $(t ). It follows directly that the 
map W 3 1 M> $(t) is constant, whence $ is continuous. □ 

Let T : X — > X be a homeomorphism and f : X — > R \ {0} a continuous 
function, which is globally either positive or negative. Let us consider the skew 
product T_f : IxR-> Ixl, T-f(x,r) — (Tx,r — f(x)) and the orbit equivalence 
relation = on X x M defined by (^2, ra) = {x\, r{) if there exists n £ Z such that 
(x2,r 2 ) = T*f(xi,n). Denote by X? the quotient space (IxM)/ =. Then is a 

compact topological manifold and the canonical projection tk\ = 7r{ : 
is a covering map. 

Let us consider the (continuous) flow (o~t)tes. on X x M. given by at(x, r) = 
(x,r + t). Since T™^ commutes with at for every n £ Z and t £ K, each cr t 
transforms the equivalence classes for = into the equivalence classes. Therefore 
(ct)tGR defines a continuous flow on X* , this flow is denoted by T-^. If the function 
/ is positive the flow T* is called the special flow built over the homeomorphism T 
and under the roof function /. Of course, T t o tti = n\ o at for every 

Then, the map ^ilxl^Ixl given by 7^(2, r) = (ir'(x), r) is a covering 
map and X x R is the universal covering of X f with the covering map ir? = ir{ o it 2 . 

For every 9 £ Q denote byfl:Ixl->Ixl the trivial extension 6(x, r) = 
(9(x),r). Note that 9_ belongs to the deck group of the universal covering -n^ . 

Let f : X -> X be a lift of T : X -> X. Recall that f : X -> X is a 
homeomorphism. Let us consider the group automorphism 7 : — > given by 

7(0) = fo8of~ 1 

and the semidirect product 0x 7 Z with multiplication 

(6i, m) • (6",m') = (6» o 7 m (6"), m + to'). 

Denote by T 7 :Ixt->Ixl the skew product T_j{x, r) = (f(x),r - f(x)), 
where / = / o tt 1 ' . 

Proposition 8.2 (Proposition 1.1 in [20]). The deck transformation group Qf of 
the universal covering ir? : X x R — > X* is equal to 

{0of m j:0£ 0, meZ} 
and (9,m) \— > 9_o T m j establishes the group isomorphism of x 7 Z and Qf . 
We will identify the groups x 7 Z and 0' . 

For any s £ R* \ {1} let us consider the flow T f o (s^ 1 ) = (T/_ lt ) teB on X*\ 
This flow is topologically isomorphic to the flow (T t s )tgR on X s/ . Indeed, the 
homeomorphism {/ :XxR— s-XxR given by L/(x, r) = (a;, sr) satisfies 

U o TLy = XL S / o U and {J o er s -i t = a t o U. 

Therefore, U induces a homeomorphism U' : X? — > with U' oTj_ lf = Tj of/'. 

Suppose that s € hop{T f ) \ {1}. As the flows 7^ and T / o (s _1 ) on X-f are 
topologically isomorphic, the flows (T/) t£ R on and (Tj ) tS R on JT S ^ are also 
topologically isomorphic. Thus there exists a homeomorphism S : X* — >• X s -^ such 
that S o T/ = T t sf o S. Let 5 : X x R -> X x R be a lift of S. Then S is a 
homeomorphism such that S o it? = 7t s -^ o S. Since S^ 1 o Tj{ o S o t( — id x t , its 
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lift S 1 o cr_ t o S o at is an element of the deck transformation group 0* , so there 
exists a map R 9 1 1-> (6*(i), m(i)) £ x 7 Z such that 

,<r 1 o ct_ 4 o 5 o <r t = 0(i) o T™} t} . 
Now, for each (x,r) £ X xM. the map 

is continuous. By Lemma [5711 applied to 0^ we obtain that the map t H> m(t)) 
is constant. Moreover, (0(0), m(0)) = (idx,0), so 

(8.1) 5 o at — <Jt ° S. 

For every 6* € Q* the homeomorphism Soflo is a deck transformation of n s t , 
so there exists A : 0^ — > 0^ such that 

(8.2) S060S- 1 = A(6). 

Moreover, A : ®f — » S ^ is a group isomorphism which can be identified with the 
automorphism ^4:0x 7 Z— ^0x 7 Z. 

Let S= (Si,S 2 ), where Si : X X R -> X and £2 : X xR -> R. Let A = (^i,v4 2 ), 
where Ai : x 7 Z -> and A 2 : x 7 Z -> Z. In view of (jlTTjl . 

S(x,t) = 5oCT t (x,0) = <T t o5(x,0) = (5i(s,0),S 2 (iB,0) + t). 

Therefore 

5(x,t) = (V(2),f + $(2)), 

where V : X — > X is a homeomorphism and <? : X — > R is a continuous function. 
Note that if (0, m) denotes o T m j then 

So (0,m)(x,r) = S{6oT m {x),r~] {m \x)) 

= (V o 9 o f rn {x), r - f^ m \x) + g(0 o f m (x))), 

while if we set (0, m) = 9 a T m ~ then 

- -sf 

{9, m) o S(x, r) = (9, m)(V(x),r + g(x)) 

= {9 o f m o V(x), r + g{x) - sf {m) {V{x))) 
Therefore, in view of (18.21) . we have 

V o 9 o f m (x) = A x {9, m) o f A2{e ' m) o V(x) 
g{9 o f m (5?)) - /M(2) = _ S /(^(^™))(F(2?)). 

Let us consider the action of the group x 7 Z on X defined by (9, m) (x) = 9oT m (x) . 
Then as a conclusion we have the following. 

Theorem 8.3. The number s £ Itop{T^) \ {1} if and only if there exist a home- 
omorphism V : X — > X, a group automorphism A : x 7 Z — > x 7 Z and a 
continuous function g : X — > R such that for every (9, m) £ x 7 Z 

V o (9, m){x) = A(0, m) o V(x) 

sJ^ e ^\V{x)) - f^\x) = g(x) - g((d,m)(x)). 

Remark 8.4. If T is uniquely ergodic, then so is T* and therefore in this case 
Ito P {T f )£l T f- 
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8.1. Special flows over irrational rotations. Suppose that T is the rotation by 
an irrational number aelon the additive circle X = T = R/Z. Then X = R and 
the deck transformation group is the group of translations of R by integer numbers, 
so 9 = Z with n(x) = x + n. As each such translation commutes with the lift 
T : R —> R, Tx = x + a, 7 = id%. Thus 6^ = Z x Z and the action of this group 
on X — R is given by 

(8.3) (n, m)x = x + n + ma. 

We will now prove the following result describing topological self-similarities of 
T$ whose second part is to be compared with Remark [ 



Proposition 8.5. Let a £ R\Q and let f : T — » R be a continuous positive function. 
Then s £ L top (Tf) \ {1} if and only if there exist a matrix [ctij] = A £ GL 2 (1j), 
5 £ R and a continuous function g : R — > R such that 

(8.4) 012 + a 2 20t — (an + a 2 ia)a, 

(8.5) an + a 2 \a = as = a(a 2 2 - a 2 \ay 1 

(8.6) sf ia2in+a22m) {asx + 5) -f (m) {x) = g(x) - g(x + n + ma), 

for all ra,neZ, where a = det A. 

Moreover, — 1 £ Itop{T^) if and only if there exist a continuous map g : T — > R 
and S £ T such that 

(8.7) f(S-x)-f(x)=g(x)-g(x + a). 

Proof. By Theorem Hj2 and ([O]), s £ I top (T f ) \ {1} if and only if there exist a 
homeomorphism V : R — > R, a group automorphism 

A : Z 2 — > Z 2 , j4(n, m) = (an« + 012m-, 021^ + 022^1) with A := [ay] S GL 2 ^£) 

and a continuous function g : R — > R such that for every (n, m) £ Z 2 and x £ R 

(8.8) V(:r + n + ma) = V(x) + (ann + ai 2 m) + (a 2 in + a 22 m)a 

(8.9) sj^ n+a22m \v{x)) - f {m) (x) = g(x) - g[x + n + ma). 

Let us consider v : R — s- R, v(x) = V(x) — (an + a 2 ia)x. In view of (18. 8p . we 
obtain 

v(x + n + ma) = l/(.x + n + ma) — (an + 021a) (x + n + ma) 
= v(x) + (a 12 + a 22 a — (an + a 2 ia)a) m. 

It follows that v is Z-periodic, so v : T — > R. Moreover (by taking n = and m = 1 
above), v(x + a) = v(x) + a\ 2 + a 22 a — (an + a2ia)a, so 

v(x)dx— I v(x + a) dx = / v(x) dx + a± 2 + a 22 a — (an + a 2 \a)a. 
Jt Jf 

Thus ai2 + a22« = (an +a2ia)a, so (18. 4p holds. Moreover, v is a constant function 
and V(x) — jx + S with 7 := an + 021a and some real 5. 

Case 1. Suppose that ai2 or 021 is equal to zero. As a is irrational and by (18. 4p . 
ai2 + (022 — an)a — a2ia 2 = 0, it follows that ai2 = 021 = and an = 022 = ±1. 
Hence V(x) — ±x + S and, by 



s/( ±m )(±a; + 5)- f [m) {x) = g(x) - g(x + n + ma). 

Setting m = we have 17(2; + n) = g(x), so g is Z-pcriodic. Therefore, g can be 
treated as a map on T and taking m = 1 we have 

sf (±1) (±x + 5)- f(x) = g(x) - g(x + a) for all x £ T. 
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Recalling that /' = —f(y — a), it follows that 

(±s-l) / f(x)dx = s [ f {±l \±x + 5)dx- [ f(x)dx 
Jt Jt Jt 

g{x) dx — g(x + a) dx = 0. 
Jt 

Since s ^ 1 and / is positive, it follows that s = —1 and an = a 22 = — 1. Therefore, 
(IR3D . ipO?|) and dHUl hold. 

Case 12. Suppose that both ai 2 and 021 are non-zero. Since ai 2 + (0,21 — an)a — 
OL21O? = 0, the irrational number a is a quadratic irrational. In view of (|8.9p (by 
substituting m by 0, and by substituting n by —0,22™ and m by 0,21m, respectively), 
we obtain 

(8.10) sf^ (jx + S)= g(x) - g(x + n), 

(8.11) - f {a2im) (x) = g(x) - g(x + {a 21 a - a 22 )m). 
It follows that for every i£l 

(8.12) lim 9(x)-g(x + y) = ^ /" /<fa . 

Indeed, if |y| is large enough 

g(x) - g(x + y) = g(x) - g(x + {y}) g(x + {y}) ~ g(x + {y} + [y]) [y] 

y y [y] y 

SEM g{x) - g(x + M) / (a2lM) (^ + {y})) [y] 

= h sa 2i r-j . 

Since \g(x) - g(x + {y})\ < 2| |ff|| g [ 3 ;;3 . +1 ], / (n) /n tends to J T f dx uniformly and 
[y]/y — > 1 as \y\ — > 00, we get (I8.12p . Furthermore (by taking y — (a 2 ia — a 22 )m 
in EH;:. 

-J T fdx -f(^ m )(x)/a 2 im 



a 2 ia — a 22 (a 2 ia — a 22 ) 

(BI) 5(2;) - .a(ir + («2ia - a 22 )ro) 



/dx, 



a 2 i(a 2 ia — a 22 )m 

hence s = (a 22 — a 2 ia) _1 . 

In view of (gyj, (l,a)^4 = 7(1, a), so (l,a)A _1 = 7~ 1 (l,a). Moveover, 

A" 1 = a ( ° 22 ~ ai2 ^l , where a := det A = ±1. 
\-a 2 i an J 

It follows that 7 _1 = er(a 22 — a 2 ia), hence 7 = as, this yields (|8.5p . Therefore, 
V(x) = usx + S, so US2J gives (|83|l . 

It follows that if — 1 G Itop(T^) then ai 2 or a 2 i is equal to zero. Otherwise, using 
Case 2 we have an + aa 2 i = 7 = — er, so a 2 i = 0, a contradiction. Moreover, by 
Case 1, this yields the second part of the proposition. □ 

Corollary 8.6. If a G R\Q is no£ a quadratic irrational then Itop{T*) C {1, — 1}. 

Corollary 8.7. There exists a continuous time change (<£>t)teK 0/ a minimal linear 
flow on T 2 suc/i iftai 7((</J t ) teR ) = R* and I top {{<Pt)tm) = {I}- 

Proof of CorollaruWA On the modular space r\PSX 2 (R), T = PSL 2 {1), by 
Corollary O and Corollary Ol J((ft t ) teE ) = R* and C((h t ) tm ) = {h t : t G R}. 
As it was shown in [35 that this flow is loosely Bernoulli, so (ht)teS. is isomorphic 
to a special flow over any irrational rotation Tx = i + aon the circle, see |18| . |33) . 
Moreover, the roof function / : T — > R + can be chosen continuous, see |22| . 
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If a is not a quadratic irrational, then /t op (T^) C {—1,1}. On the other hand, 
since is measure-theoretically isomorphic with (ht)tes., we have I(T*) = R* and 
C(Tf) = {T t f : t e R}. Moreover, T f is a special representation of a continuous 
time change of a minimal linear flow on T 2 . 

Now we will see that / can be chosen so that — 1 ^ Itop(T*) which will finish 
the proof. Suppose that there exists a special representation of the horocycle 
flow (ht)teU such that —1 e Itop(T^). Then we can construct another continuous 
function /' : T — > R such that T? is isomorphic to T* and -1 (/ I t o P {T f '). 

Since —1 ^ I top (Tf), by Proposition 18.51 there exist 5 £ T and g : T — > K 
continuous such that 

(8.13) f(6-x)-f(x)=g(x)-g(x + a). 

Let j : T — > R be a measurable map such that x i— > j (a;) — j(.t + a) is continuous 
and 

(8.14) x i — y j(x) + j(5 — x) is not a.e. equal to any continuous function; 

the existence of such a map will be discussed at the end of the proof. 

We claim that ii f = f + j — joT then — 1 ^ It op (T^ ). Otherwise, by Proposi- 
tion [H3J there exist 5' £ T and g 1 : T — >• M continuous such that 

f'{5'-x)-f'{x)=g'{x)-g'{x + a). 

In view of (|8.13p . it follows that 

f(S - x) - f(5' -x) = (f(6 ~x)~ f(x)) - (f'(S' - x) - f{x)) 
- U( x ) - j(x + a)) + (j(6' -x)- j(S' -x + a)) 
= ((g - 9 - j)(x) - {g - g' - j)(x + a)) + (j(S' - x) - j(S' -x + a)). 
Replacing x by 5' — x we have 

f(x + 5 - S') - f(x) = h(x) ~ h(x + a), 

with 

Kx) = {j + g' - g){5' -x + a)+ j{x). 

Since C(T f ) = {T/ : t e R}, in view of Lemma [231 there exist k G Z and t a e R 
such that 5 — 5' = ka and h = to — a.e. Therefore 

j(S' -x + a)+j(x) = (g - g')(5' -x + a)+t - f (k \x) a.e. 

Moreover, 

j(S — x) — j(S — x + a) = j(d — x) — j(S — x — (k — l)a) 

= (/')(-*+i)(tf -i) _/(-*+!)(* -a-), 

Adding both equations we obtain that the map x i— > j(S — x) + j(x) is a.e. equal to 
a continuous map, contrary to (|8.14p . 

Finally we point out a measurable map j : T — > R such that j —joT is continuous 
and satisfies (|8.14p . Let (q n ) n >i be a subsequence of denominators of a such that 
Qn+i > 2q n for n > 1. Let us consider an L 2 map j : T — s- R with the Fourier series 

j(x) = — cos 2Trq n (x — 5/2). 
^— ' n 

n>\ 

Since 

E2 
— sin 27r(j„ (x + a/2 — 8/2) sin7rg„a 

n>l U 

with |sin7rg„a| < ||g ra o;|| < l/q n +i < 1/2" for n > 1, we can choose j such that 
j — j o T is continuous. Moreover, j(<5 — .t) = j(. T ) f° r a - e - ^ G T. Therefore, we 
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need to show that j (or equivalently j$(x) — j(x + (5/2)) is not a.e. equal to any 
continuous function. Some elementary arguments show that the Fourier series of 
js is not Cesaro summable at 0. Then, by classical Fejer's theorem, jg is not a.e. 
equal to any continuous function, which completes the proof. □ 

The following lemma is easily obtained by induction. 

Lemma 8.8. Let < \p\ < 1 and let (x n ) n >a be a real sequence such that 

\px n+ i — x n \ < M for n > 0. 

Then 

\p n x n -x \ < ^f^M< for n>0. 

l-|p| 

Theorem 8.9. If there exists s £ Itop(1 ) \ { — 1, 1} then f is cohomologous to a 
constant function via a continuous transfer function. 

Proof. Without loss of generality we can assume that \s\ < 1. By Proposition 18.51 
there exist a matrix [a,j] = 4e GL 2 (Z), 5 € K and a continuous function g : M. —> M. 
satisfying (|8.4[1 - (|8.6|) . Let us consider 

F(x) := f(x) - / f(t)dt and G(x) := g(x) + xsa 21 / f{t)dt. 

In view of (gSU and (|53jl . 

(8.15) s^ a21 " +a22m )((7sa; + 5) - F< m >(a:) = G(x) - G(<e + n + ma). 

with (remembering that F is 1-periodic) J T F(t)dt = 0. 

Choose any £0 € [0,1] and mo > -jirra ^ ■ Let us define inductively three se- 
quences: (xk)k>o taking values in [0,1) and two other integer-valued sequences 
(m k ) k >o, (n k ) k >o so that: 

n k := -[xk + m k a], m k+ i := a 2 in k + a 22 m fc , a; fc+ i := {asx k + 5} 

for all k > 0. In view of (|8.15p . it follows that 

sF^+^ixh+x) - F^\x k ) = G(x k ) - G(x k +n k + m k a) 

and x k + n k + m k a = {x k + m k a} 6 [0, 1). Therefore, 

\sF( m *+^(x k+1 ) - F^\x k )\ <C:=2 max \G(x)\. 

xe[o,i] 

By Lemma HU 

(8.16) \s k F^(x k ) - F^(x )\ < — ^tt for * > 0. 

1 - \s\ 

Moreover, as 5(022 ~ 0,2101) — 1 ( see (|8.5p ). we have 

sm k+ i - m k = sa 2 \n k + (sa 22 - l)m fe = -sa 2 i[x k + m k a] + (sa 22 - l)m k 
= -sa 2 i(x k + m k a) + (sa 22 - l)m fe + sa 2 i{x k + m k a} 
= (s(a 22 - a 2 ia) - l)m fe + sa 2 i ({x k + m k a} - x k ) 
= sa 2 \ ({x k + m k a} - x k ) . 

Hence \sm k+ i — m k \ < |sa 2 i| for k > 0. In view of Lemma 18.81 it follows that 

Ik I / l Sa 2l| 

\s K m k -m \ < -] -j, 

1 - \s\ 

so the sequence (s k m k ) k >o is bounded and (by the lower bound of mo) bounded 
away from zero. Thus \m k \ — > 00 as k — > 00. 
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By the unique ergodicity of the rotation T, the sequence /n tends uniformly 
to J T F(t) dt = as \n\ — > oo. It follows that, 

s k F (m k ) {xk) = s k mk i W q 

m k 

Therefore, passing to k -> oo in ([535]) . we have |^( m °)(a;o)| < C/(l - |s|). Con- 
sequently, ||f ( m ) || sup < C/(l — \s\) for every m > 1. In view of the classical 
Gottschalk-Hedlund theorem (Theorem 14.11 in [14J), F = f - f r f(t)dt is a 
coboundary with a continuous transfer function. □ 

Remark 8.10. Consider the quadratic number a £ (0, 1) satisfying — = a + 1. Let 
T = (Ttjtem. be the linear flow on T 2 given by (a, 1), that is T t (x, y) = (x+ta, y + t). 
Then 1/a £ Itop(T). Indeed, the rescaled flow S = (StjtsR is given by the formula 
St(x, y) = (x + t,y + —t) and it is easy to see that the homeomorphism A : T 2 — > T 2 

given by the matrix A — ^ \ satisfies A o T t = St o A for each t £ 
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